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R. NEAL HARRIS 

Abstract. Let F be a number field, Ap its ring of adeles, and let 7r n and 7r n +i be irreducible, 
cuspidal, automorphic representations of SO n (Ap ) an( i SO„+i(Ap), respectively. In 1991, 
Benedict Gross and Dipendra Prasad conjectured the non-vanishing of a certain period integral 
attached to 7r n and 7r n +i is equivalent to the non-vanishing of L(l/2,7r n E3 7r n _|_i) [8]. More 
recently, Atsushi Ichino and Tamotsu Ikeda gave a refinement of this conjecture as well as 
a proof of the first few cases (n = 2,3) |18| . Their conjecture gives an explicit relationship 
between the aforementioned L-value and period integral. We make a similar conjecture for 
unitary groups, and prove the first few cases. The first case of the conjecture will be proved 
using a theorem of Waldspurger |34| . while the second case will use the machinery of the 
0-correspondcnce. 



1. The Gross-Prasad Conjecture 

In [8], Benedict Gross and Dipendra Prasad give a conjecture that relates the non- vanishing 
of a period integral to the non-vanishing of a certain L-value. In this section, we'll discuss that 
conjecture, as well as a recent refinement due to Atsushi Ichino and Tamotsu Ikeda. 

Let F be a number field with adele ring A^, and let V n C Ki+i be quadratic spaces of dimen- 
sions n and n+ 1 over F, respectively. Assume that n > 2 and that V n is not a hyperbolic plane. 
We consider the algebraic groups SO(V„) C SO(V n+ i) defined over F. We denote Gi := SO(Vi). 
Let 7r n and Tr n +i be irreducible tempered cuspidal automorphic representations of G„(Ap) and 
G n+ i(Ap) respectively. We fix ismorphisms ir n = ® v ir n:V and 7r„ +1 = ® v ^n+i,v Suppose that 
Hom Gn ( fc ^ (7Tn+i,u ® ir n ,v, C) 7^ for every place v of F. 

We briefly recall the notion of an automorphic L-function. We encourage the interest reader 
to consult [1] for details. For G a reductive algebraic group over F, it an irreducible admissible 
automorphic representation of G(Ap), and r a smooth homomorphism r : L G — > GL m (C)j^]one 
has the notion of an automorphic L-function. As one expects, this L-function is given by a 
product of local L-factors: 

L(s,n,r) = Y\_L v {s,Tr v ,r). 

V 

For v outside a sufficiently large set of places (including all archimedean places), such that for 
v (f: S all relevant data is unramified, one can understand the local L-factors using the Satake 
Isomorphism To wit, for each local factor n v , we have an associated conjugacy class [t v ] 

where t v £ L G V . Then, we have the following definition for the local L-factors 

L v (s,Tt v ,r) := det (7 m - q~ s r(t v )) . 
We now state the Gross-Prasad Conjecture: 
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^Here, L G is the so=called L-group of G. 
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Conjecture 1.1 (Original Gross-Prasad Conjecture). There exist vectors tp+ £ m such that 

Vn+l{9n)Vn{9n) dg n ^ 



I G n (F)\G n (k F ) 
if and only if 

L(l/2, 7T„ +1 IS 7T„) ^ 0. 

XTie L-function here is the product L-function. 

Recently in |18j . a refinement to this conjecture was proposed which gives a precise relationship 
between the period integral above and the L-value. 

Consider the following G n (Ap) x G n (AF)-invariant functional 

v ■. (K n+1 h v;„ +1 ) <g> (K„ B t^J C 

defined by 



(i.i) VifafofiJ*) ■■= ^ J [g ] Mg)fi(9)dgj • (/ Mg)f2(g)dgj 

for cf>i E K- n+1 and /* e K (f>i = (f> 2 = 4> and Ji = / 2 = /, we simply write V(<f>,f) := 

V(<fii, 4>2', fi, f 2 )- We call T 3 the global period. 

We also construct another G n (Ap) x G„(Ai?)-invariant functional, this time constructed from 
local integrals. For each place v of F, denote Gi_ v := Gi(F v ). We fix local pairings 

such that 

where the /S^ are the Petersson pairings 



^„(/i,/ 2 ) := / fl(9n)f2{9n)dgr, 
J[G n ) 



J[G„ +1 ] 

and the dgi are Tamagawa measures on Gi(Ap). For each v, we define a G n>v x G n ^ v invariant 
functional 

V\ : (ir n +i,v ^ ^n+i,v) ® {ir n , v M 7f n , c ) 

by 

fl,v, f2,v) '■= / ^7r n+ i v ('^n+l,v(9n,v)'pl,v, <f>2,v)B- Kn v (ir n >v(9n,v)fu h)dg n<v . 
JG n , v 

Here, the dg nA1 are local Haar measures, chosen so that dg n v = dg n . 
Again, we denote V\{(j) v , <j) v ;f v ,fv) =■ "P^v, /«)• We set 

A Gi := L(M/(1),0) 

A G _ := L„(A^ V (1),0) 

where M^ +1 (l) is the twisted dual of the motive Mj associated to Gi by Gross in [?]• It is a 
result of Ichino and Ikeda (Theorem 1.2 in [TH]) that the converge absolutely if the 
tempered. Furthermore, when the V\ converge, we have 

■ptw, M_A £„(l/2,7T» !t , MlT n+hv ) 

L„(l, 7r„ jt ,, Ad)i 1 ,(l, 7r„+i,„, Ad) 
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for unramified data <p v ,f v satisfying conditions (£71) — (U6) in 18 . So we normalize as follows: 
j, L v (l,Tr n , v , Ad)L v (l,ir n+1:V , Ad) ^ 

G " +1 '" L v (l/2,ir„ jV IEI 7r n +i )V ) 
Now we have another G„(Ap) x GV^A^-invariant functional: 

JJn : h v;„ +1 ) <g> (K„ IS V^J -)■ C. 
The Refined Gross-Prasad Conjecture gives the explicit constant of proportionality between V 

Conjecture 1.2 (Refined Gross-Prasad Conjecture). 

2p L(1,tt„, Ad)(l,7r n+ i, Ad) x * 

Here, f3 is an integer such that 2@ = \S^ n+1 \ ■ \S,f, n \, where ipi is the conjectural L -parameter for 
TTi, and S^ H :— Centgr (Im(?/^)) is the associated component group. 

This conjecture is known unconditionally for n = 2 34 , for n = 3 |17) . and for n — 4, assuming 
that 7T5 is a 0-lift of a representation on SO (A) [4]. 

Our goal is to provide evidence for an analogous conjecture for unitary groups. We remark 
that the original Gross-Prasad Conjecture has already been extended to unitary groups in [2J. 
The conjecture for unitary groups is: 

Conjecture 1.3 (Refined Gross-Prasad Conjecture for Unitary Groups). Let 7r„ and 7r n+ i be 
irreducible, cuspidal, tempered, automorphic representations of G n (Ap) and G n+ \{Ap), respec- 
tively. Let V be as in line Then 

= Ag„ +1 L E (l/2,BC(7r n+1 ) M BC(ir n )) -pr 
2^ L F (l, 7 r n+1 ,Ad)i F (l,7r„ I Ad) 11 

Here, BC^nP) denotes the quadratic base-change of tti to a representation of GLi(Ap) ■ Also, (3 
is an integer such that 2@ = \S^, n+1 \ • |S^ n |, where ipi is the conjectural L-parameter o/tTj, and 
$0, is the associated component group. 

Michael Harris has recently found an application of the conjecture above [T2] . 

We remark that in [37], the author constructs the quadratic base-change for automorphic 
representations of U(n) to GL n for n — 2,3. So, in this case, we needn't assume the existence of 
the quadratic base-change. Furthermore, the ipi are not conjectural in this case. 

Remark 1.4. One might ask why the L-values on the RHS above are non-zero. Indeed, in 
[18] the authors comment that for orthogonal groups it is believed that L(l,7Tj,Ad) 7^ for 7Tj 
tempered. However, we can say something stronger for unitary groups. Namely, by results in [3] , 
we see that 

L F {s, n z , Ad) = L F (s,BC(n z ), As { ~ iy ). 
Here, we are viewing BC{iii) as a representation of GLi(A F ) via Kes E / F . The L-function on 
the RHS above is the 'Asai' (if i is even) or 'twisted Asai' (if i is odd) L-function. Now, since 
the TTi are assumed to be tempered, by Theorem 5.1 in [29] we have that L F {s,BC{-Ki),As [ ~ iy ) 
is holomorphic and nonzero at s = 1. 

The rest of the paper is organized as follows: in Section[2j we compute V v for unramified data. 
Then, in Section |3j we show how a result of Waldspurger can be used to obtain Conjecture |1.3| 
for n = 1 without too much pain. Section [4] focusses on Ichino's triple product formula, a tool we 
need to obtain Conjecture [T3] for n — 2. In Section [5] we introduce the theta correspondence for 
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unitary groups, as well as give several versions of the Rallis Inner Product Formula. Section [6] is 
local in nature; we develop a local seesaw identity, which allows us to relate the V v to the local 
integrals considered by Ichino in his triple product formula. Finally, Section [7] puts everything 
together; we give a proof of Conjecture 1.3 for n = 2 (assuming the representation of U(3) is a 
theta lift). 



2. Local Integrals of Matrix Coefficients 

In this section we'll prove the convergence of the assuming n n . v and ~K n +l,v ar e tempered. 
This comes down to some standard arguments based on well-known bounds of matrix coefficients. 
We'll also compute them for v ^ S, where S is a sufficiently large finite set of 'bad' places of 
F, including all even places and archimedcan ones. We also make the following assumptions for 
v i S (cf. (Ul) - (U6) on page 5 of Q5]): 

(1) The extension E/F is unramified at v. 

(2) d, v is unramified over F v . 

(3) Ki V C Gi iV is a hyperspecial maximal compact subgroup. 

(4) K iiV C K l+lyV . 

(5) 7Ti t v is an unramified representation of Gi tV . 

(6) The local Haar measures dgi yV are chosen so that the K i v have volume 1. 

(7) The vectors fa v £ n iyV are ifj^-fixed and = 1- 

Note that even for v £ S, we still fix a maximal compact subgroup Ki C Gj. For the remainder 
of this section, we will omit v from the notation, though everything is local. 
Put 

ni+uni [S) ' L F {s + 1/2, 7r i+1 , Ad)L F (s + 1/2, tt,, Ad) ' 
We also consider the matrix coefficient 

where the B 7Ti are pairings with respect to which the tti are unitary, g t £ Gj, and ifj^-finite 
vectors (fi,^ £ 7Tj. When tfi = <p' if we simply refer to <fr Vi . We consider the following integral: 

V((p n +2,<Pn+i) ■■= / ^ Vn +2(9)^v> n+1 {9)dg- 
JG n+1 

We will establish convergence of the integral assuming temperedness of the 7Tj, and compute the 
integrals away from S. 

2.1. Convergence of Integral. Note that we make no assumption that v ^ S, but for now, we 
assume that v does not split in E/F. 

Let V be a hermitian space over E of dimension n, and set G :— U(V). Let V^n the the 
anisotropic kernel of V. Let d denote the dimension of V an . We have 

v = x e v an © y 

where X and Y are totally isotropic subspaces. We set r = dim^ X = dims Y. By fixing a basis 
for X, we obtain a minimal parabolic subgroup P C G. The Levi factor M C Pis isomorphic 
to (E x ) r x [/(Van) with maximal torus T such that M D T = (E x ) r . The split component 
A C T C M is isomorphic to (F x ) r . We denote an element x £ A as x — {x\,x%, . . . ,x r ). The 
simple roots of (P, A) are given by 

cti(x) — x\x~^ x , . . . , ct r -i(x) — Xr-iX' 1 
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and 

x r if n is odd or U (V) is not quasi-split 
xi otherwise. 



a r (x) 



We view the cti as elements of Hom(T, G m ). Via the natural projection M — > T, we may also 
view the on as characters of M. 

If we denote by S the modulus character of P, then we have 



<%)=ni 



in+l-2i 



(See Proposition 1.2 in [20].) Fix a special maximal compact subgroup K C G. Then we have a 
Cartan decomposition 

G = KM+K 

where 

M+ := {me M : \oa(m)\ < 1 for 1 < i < r} 

and K is in good position relative to M We also define T + := T n M + . 

We fix an embedding 77 : G GL m for some m. We define a height function 

CT (.9) —maj {log 1/7(5)^ I, log 
Let be Harish-Chandra's spherical function given by 

3(5) := / fc(fc 5 )d* 

where /i G indp 1 is the function that is identically 1 on K . It is known that there exist positive 
constants A, B such that 

^-^ 1/2 (m) < 3(m) < A<5 1 / 2 (m)(l + cr(m)) s 

for all m G M + . Also, recall that a function f(g) on G is said to satisfy the weak inequality if 

\f(g)\<A-Z(g)(l + a(g)) B 

for some positive constants A, B, and all g e G. It is known that a matrix coefficient of a 
tempered representation satisfies the weak inequality. (See |33j . for example.) 

Let V n+ 2 and V n+ \ be hermitian spaces of dimension n + 2 and n + 1, respectively. Assume 
further that we have an embedding l : V n +i V n +2 of hermitian spaces. Let Gi — U(Vi) be 
their associated unitary groups, and let Pi, Mi, Ai, Ki denote the respective minimal parabolic 
subgroups, Levi component, maximal split tori, and special maximal compact subgroups of Gi. 
We view G„+i as a subgroup of G„+2 via the embedding 1. Note that we may assume that 
T n+1 C T n+2 ,T+ +1 C T+ +2 ,M n+1 C M n+2 ,M+ +1 C M+ +2 in this case. 

The main goal of this section is to prove the following: 

Proposition 2.1. The integral V(tpi+i,<fi) converges absolutely. 

Proof. This proof is just an adaptation of the analogous proposition in |18j . First, we note the 
following result from calculus: 



K is such that the unique point in the building of G fixed by K lies on the apartment of A. 
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Lemma 2.2. Let D,ri, . . . , fj > and fi+i, . . . ,r n < 0. TTien i/ie integral 

\ Xl r ...\ Xn \ r - 

|xi|<|a; 2 |<---<|x i |<l<|xi +1 |<-<|a:„| 

Z 71 

x(l - ^logl^l + \og\x k \) D d x x 1 ...d x x n 

j = l k=i+l 

converges absolutely. 

We note that by a theorem of Silberger ( j30j , page 149) , the convergence of the integral above 
is reduced to the convergence of 

(2.1) / i±(m) I $ Vn+2 (kimk 2 )§ v>n+1 (kimk 2 )dk 1 dk 2 dm 

•>M+ +1 J K n+ ixK n+1 

where 

/*(ro) := Vo\{K n+1 mK n+1 )/Vol(K n+1 ). 

In fact, if either of these two integrals converge, they are equal. Furthermore, we have a positive 
constant A such that 

(2.2) Mm) | < A-S-^m) 

for all m € M+ +1 (see [3D]). 

Since 3>< )! ;„ +1 and ^ > ¥3 „ +2 are matrix coefficients for tempered representations, they satisfy the 
so-called weak inequality, which means that there are positive constants B, C such that for all 

9i € Gi, 

(2.3) \* Vi t9i)\<B. 1^(^)1(1 + (r( 5i )) c 
It is known that that there are positive constants B', C 

(2.4) |S«(m)| < i?'<5 l 1/2 (m)(l + a(m)f 

for all m € M+ (see [30]). 

Combining lines |2.2[|2.3[ and |2.4[ we see that the convergence of the integral in |2. 1| is reduced 
to the convergence of 

/ S-l{ 2 (m)S^ 2 (m)(l + a{m)) D dm 



for some positive constant D. 

When E is a field, we have M+ +1 = T^ +1 x U(V n +i tan ) and U(V n +i, an ) is compact, so the 
convergence of the integral above is reduced to the convergence of 

5-^{t)8%{t){l + a{t)) D dt. 
Finally, this is reduced to the convergence of 

/ \x\x 2 x rn+1 \ 1/2 1 - S~] log \xi\\ d x x x d x x 2 ■ ■ ■ d x x rn+1 

■/|xi|<|x2|<-<|Xr n+1 |<l V i=l / 

which follows from Lemma [2~2l 

Now we suppose that E — F x F, In this case, we have Gi = GLi(F). Note that in this case, 
we have Tf = Af ( + ; however, we no longer have T^ +1 C T^ +2 . With the right choice of bases, 
we can view 

T n+i = {diag(xi,a;2, . . . ,x n+1 , l):i,£f x , \ Xi \ < \x i+ i\} 
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and 

T n+2 = {diag(xi,x 2 ,...,a; Il+ 2) : x< G -F x ,|xi| < |xi+i|} 
both as subgroups of GL n+ 2(F). 

For the moment, set m :— diag(a; 1 , x 2 , . . . , x„ +1 , 1). We see that m £ T^ +2 if and only if 
l^n+il < 1- If m ^ 2^+2) then we cannot directly apply the bound on S n+ 2 that we used previ- 
ously. To remedy this, let i be such that \xi\ < 1 < and set m' := diag(xi, . . . , Xi, 1, Xi+i, • • • , i n +i)- 
Then we see that there are k\,hi G A", i+2 such that m = fcim'fc 2 , and therefore S„ + 2(m) = 
S,j+ 2 (to'). Furthermore, we see that ml G T^ +2 , and therefore the bound we used previously 
applies. 

So, we see that in this case we are reduced to checking the convergence of 

D 



L 



Tt + l 



ki|<-<|a:„ + i|<l 



\xi . . . x n+1 \ 1/2 1 - y^logKl d x x 1 ...d x X n+ i 



3 = 1 



\xi . . . x n x n+l I / 



'|si|<-<|x„|<l<|x„ + i| 

15 



1 - ^ log + log \x n+ i\ J d x xi . . .d x x n+ i 



i-i 1 l 1/2 

1<|!P1-I<---<|SB«.+X| 



I 2 -! ■•■• r n+ll 



n+1 



1 + ^ log ] d x a;i . . . d x x n+1 . 

3=1 



The convergence of each of these integrals follows from Lemma 2.2 □ 



2.2. Calculation of integrals in the unramified case. In what follows, we assume v ^ S. 
The purpose of the remainder of this chapter is to explicitly compute £(S,£) and Sg-i g-i(l) for 
such v. 

Away from places in S, we are either in the non-split, but quasi-split case, or the split case. 
In the non-split case, E/F is an unramified quadratic extension of p-adic fields. In the split 
case, we have E = F © F. Let V n +i C V n +2 be (quasi-split) hermitian spaces over E, and let 
G n+ i C G n+2 be the associated unitary groups]^] 

The calculation of the integrals V(f nn+1 , /ir n+a ) will involve splitting them into the product 
of two pieces, each of which will be computed independently. But first, we give a description of 
the representations 7Tj; away from S, these have a concrete description. 

We set U :— \i/2\ . Let £i, . . . , £;„ +1 and Si, ... , S; n+2 be unramified characters of E x , and 
let So and £o be unramified characters of E\, where 

E x := {x G E x : N E/F {x) = 1} 

and Ne/f is the relative norm map. Note that if E is a field, then E\ is compact, and £o and 
So are trivial (since they're unramified). However, if E is not a field, then E\ = F x , and So,£o 
need not be trivial. In the split case, for % > 1, we have Sj = (/Xj, Vj) and £j = (0j,<fo), where 
each /ij, Vi,6i, <pi are all unramified characters of F x . 



^The mildly strange choice of notation n + 1 and n + 2 will be explained later. 
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If n+ 1 is odd, then we have T n+1 = ^ x (E x and T„ +2 (£ x ) z ™+ 2 . Then we define 

characters £ := (£ ,6> • • • >&„+i) and S : = ( s i> • • • , Ej n+2 ) 01 and T n+2 , respectively. If 

n + 1 is even, then T„+i = (£ x )Wi and T n+2 = E 1 x (E^)^ an d we have £ = (£i, . . . ,& n+1 ) 
and S = (S , Si, . . . ,S; n+2 ). 

Let i?i = TiNi be Borel subgroups, where the Ni are unipotent radicals. Then we can view £ 
and S as characters of B n+1 and B n+2 by extending them by 1 to N^. 

Away from S, we may assume that 

7r„ +1 = Ind^+J £ 
7T„ +2 = Ind^"+ 2 2 S 
Note that in the split case, we have Gi = GLi(F), and we have 

£= or (^'•■•'^n+i'^+i'---'^r 1 ) 

and 

s = (m, . . . , ^ n+2 , i/j-^ 2 , . . . , z/f 1 ) or (m, . . . , m n+2 , s , 2 , . . . , i/f 1 ), 

according to whether n is odd or even, respectively. 

We choose the B 7Ti so that the $ ^ are the spherical matrix coefficients normalized such that 
(fcj) = I for all ki e Ki. Then we have the following explicit formulae: 



dki 

Ki " 



for all gi £ G^ 

We consider the function 



F(g n+2 ):= / $/„ n+2 (ff„+ 2 5n+i)$/„ n+1 (Sn+i) dg n+1 

for g„+ 2 € G n+2 . We're interested in computing F(l). While it may seem a bit silly to invent 
this function if we're only interested in its value at the identity, the reason for this definition will 
become clear soon. 

Let G^ +1 denote the diagonal copy of G n+ \ in G„ +2 xG n+ i. Then we note that G„ +2 x G n+ i/G 
is a spherical variety. This means that it has a unique open orbit under the action of B n+2 x B n+1 
on the left. Also, we note that 

B n +2 x i?„+i\G„+ 2 x G„+i/G^ +1 = B n+2 \G n + 2 / B n+ \. 

Recalling that we have Iwasawa decompositions 

G, = BiK it 

we let ri n +2 € K n+2 be a representative for the open B n+2 x B n+ \ orbit on G„+ 2 . Let be 
the function on G n+2 determined by the following conditions: 

(1) Y^(b n+29n+2 b n+1 ) = (S- 1 ^ 1 / + 2 2 )(6„ +2 )(^ / 1 2 )(fe„ +1 )r H , c (.g„ +2 ) for all h e B { . 

(2) Y^( Vn+2 ) = 1 

(3) Y~ t6 (g n+2 ) = if g n+2 B n+2 r] n+2 B n+1 . 

Here, Si denotes the modulus character for Bi. We define the following two functions on G„ +2 : 

y_ ^ ^ \lG n+1 f^n+2(9n+29n+l)fw n+1 {gn+l) dg n+1 if g n+2 € B n+2 T] n+2 B n+ i 

1 otherwise 
Sz,,z(gn+2) ■= / Y EiS (k n+2 g~l 2 k n+1 ) dk n+1 d kn+2 . 

JK n+2 JK n+1 
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We have Ts^{g n +2) = T3^(rj n +2)Y s -i^-i(g n +2) since Ta,£ satisfies conditions (1) and (3) for 
Y s -i t £-i. Also, we note that Ts^(7] n +2) does not depend on the choice of representative ?7„+ 2 . 
So we denote C( s ,£) : = T E ^(i] n+2 ). 

Relating these to the integral that is the subject of this chapter, we have 

F(g n+2 ) 

$ /-„ +2 (^+25n+l)*/,„ +1 (9n+l) dg n+1 

/ / / fn n+2 {kn+2g n ]-29n+i)fn n+1 {kn+ign+i)dk rL+ idk n+ 2dg n+ i 

JG n +i JK n+2 JK n+1 

/7T, 1 +2(' c n+25n+2^™+l5n+l)/7r„ + i G?n+l) dk n+ idk n+ 2dg n +\ 

= I I T E ^(k n+ 2g~l 2 k n+1 ) dk n+1 dk n+2 

JK n+2 JK n +i 

= Ts^rin+a) / / y E -i.£-i(fc„ +2 5,7+2^"+i) dk n+ idk n+2 

JK n+2 JK n+1 
= C(S,C) S H-i,«-i(fl , n+2)- 

Regarding convergence, we note (as in |18j). that F(g n+ 2) is convergent for 3 and £ suffi- 
ciently close to the unitary axis. (Indeed, Proposition 2.1 holds for such 3, £.) So, we see 
that Ts^{k n+ 2g~ + 2k n +i) is convergent for almost all k n+ 2,k n+ i such that k n+ 2g~ +2 k n +i € 
-Bn+2f7n+2-Bra+i- But since 2e,j(<7) is convergent for some g € B n+ 2rj n +2B n+ i if and only if it is 
convergent for all g £ B n+2 r] n+ 2B n+ i, we see that Ts^(f] n +2) is convergent. 

2.2.1. Calculation o/£(3,£). In this section, we will actually have occasion to consider three 
different hermitian spaces simultaneously; let V n C V n +i C V n +2 be hermitian spaces of dimen- 
sions n, n + 1 and n + 2 over £7, and let Gi be their respective unitary groups. Until specified 
otherwise, we do not distinguish between the non-split and split cases. That is, we do not view 
the split unitary groups as general linear groups over F, but still as isometry groups of hermitian 
spaces over E. 

If n = 2m, then we write 

V n = (ei, e2, . . . , e m , /i, /2, . . . , / m ) 
V n +i = V n © (e m+ i + f m +l) 

V n +2 = V n +1 © (e m+ i — f m + l) 

where all of the ej, fa are isotropic vectors. Furthermore, if we let h denote the hermitian form on 
Ks+2) w e have hfa, fj) = 5ij. Then we have the Borel subgroups B^ C Gj where Bi := Stabg. 
where the Ti are the following flags of isotropic spaces: 



F n 
•F n+1 
J~n+2 



= {0} C (ei) C ( ei ,e 2 ) C ... C (ei,...e m ) C F„ 

= {0} C ( ei ) C ( ei ,e 2 ) C ... C ( ei ,...e m ) C K +1 

= {0} C (e m+ i) C (e m+ i, ei) • • • C (e m+ i, ei, . . . e m ) C K+2- 



If n = 2m + 1. then we have 



V n = (ei , 625 ••• 5 ^m; /l) /2i ••• ; /mi ^m+1 fm+l) 
V n +1 = V n © (e m+ i — f m + l) 
V n +2 = V n +i © (e m+ 2 + fm+l)- 
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Again, all of the ej, fi are isotropic, and we have /i(ej, fj) = 5ij. In this case, the flags are: 

T n ■= {0} C (ei) C (ei,e 2 ) C ... C (ei,...e m ) C K 
Fn+i ■= {0} C (e m+ i) C (e TO+ i,ei) C • • • C (e TO+ i,ei . . .e m ) C y n+1 

where v = e m+2 + f m +2 + e n +i - fn+i- 

Let K n C K n+ i C K n+ 2 be hyperspecial maximal compact subgroups of the Gi, such that 
Gi = BiKi. For i = n, n + 1, we consider the action of Bj+i x on by 6j) • gi+i := 

^i+iffi+i^ 1 - We let 77i + i G ^Q+i be a representative for the unique open dense orbit. Wc now 
prove a proposition that relates the representatives of the open orbits of B n+2 x B n+ \ on G n +2 
and B n+X x B n on G n+1 . 

Proposition 2.3. T]~ +1 G iif n +i C if n +2 «s a representative for the open orbit of B n+2 x 
acting on G n+2 . 

Proof. To show that is a representative for the open B n+2 x B n +i orbit in G n+ 2j it suffices 
to check that B n+2 fl ^"^Bn+iJjn+i is trivial. 

Suppose that n = 2m. First, we show that B n+2 n C B n . To see this, take any 

b G -Bn+2 H G„+i. Since 6 G G n +i, we know that 6 fixes e m +i — f m +i- But since 6 G B n+2 , we 
know that 

& • e m+ i = ae m+ i 

for some «e£ x and 

m+l m 

b ■ fm+i = a _1 /m+i + a*ej + c l f i 
»=1 i=l 

for ttj, Cj G -E. This means that we have 

m+l m 

& • (e m +i - /m+i) = ae m+ i - S _1 /m+i + + Cj/j. 

i=l i=l 

But since 6 fixes e m +i — f m +i, this means that a = 1 and dj = Cj = for all i. So we see that & 
fixes both e m +i, / m +i and is therefore in G„. But since it preserves J-"„+2 and e m +i, we see that 
it preserves J-" n , and is therefore in £>„. 
Now we have that 

B n +2 H 77 n+1 S„_|_i77„_|_i = B„ + 2 n r/ 7l+1 B„ + i?7„ + i n G„ + i = B„ n ?7„^ 1 i3„ + ir7„ + i = {1}. 

Now suppose that n — 2m + 1. Again, we will show that B n+2 n G„+i C B„. First, we show 
that B n+2 C\G n+ i C G„. To see this, we need only show that b G -B n +2nG„ + i fixes e m +i — f m +i- 
Well, since 6 G G„+i, we know that it fixes e m+2 + f m +2- Also, since b G B n+2 , we know that it 
scales u. So we have: 

6 ■ t; = fo(e m+2 + / TO+ 2 + e m+ i - / m+ i) 

= b(e m+2 + f m +2) + &( e m+l — /m+l) 
= e m +2 + /m+2 + b(e m+ i — /m+l) 

= av for some a G E x 

= ae m+ 2 + a/m+2 + «e m +i - a/m+i- 

But since 6 G G„+i, we know that b ■ (e m +i — /m+i) € Vn+i, and so a = 1. This gives that b 
fixes e m +i — /m+i and is therefore in G n +i- We also see that it fixes v. This, together with the 
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fact that it preserves T n+ 2 immediately gives that it preserves F n , and is therefore in B n . Then 
just as in the case where n = 2m, we see that 

B n +2 n r] n ^_ 1 B n+1 r] n+ \ = B n+2 n r) n + 1 B n+ ir) n+ i n G n+ i =B„fl ?7„^; 1 i3„ + i77 Il+ i = {1}. 

□ 

Now, we take V to be an n-dimensional hcrmitian space with associated hcrmitian form (•, 
Let V~ be the same space as V, but with the hermitian form — (-, -)y. Also, let Q = Span{e, /} 
be a hyperbolic plane, where e and / are isotropic vectors and (e, f)q = 1. We also consider the 
hermitian space W := V V~ © Q. 

We will be considering the following groups defined over F: 

G n := C/(V) £* U(V-) 
G n+1 := C/(y-©(e + /)) 
G„ +2 := U{V-®Q) 
G := U(W) 

where in the first line, we identity V and V~ as vector spaces (but not as hermitian spaces) via 
the identity map. 

Note that we have inclusions G n C G n+ i c G n +2- Let B n , B n+1 , B n+2 be Borel subgroups 
as in the beginning of this section. Let Ti,Ni be the corresponding tori and unipotent radicals, 
and let Ki be hyperspecial maximal compact subgroups such that Gi = BiKi. Let E,£, S be 
characters of T n ,T n+ i,T n+ 2 respectively, where 

2 : ~ ("1: • • • j "L™/ 2 J ) 

£, ■= (£1,62, ■ • ■ ,£[(n+l)/2j) 

S := (S 1 ,...,S L („ +2 )/2j) 

and each is an unramificd character of E x . Recall that I := [(n + 2)/2\. 

As before, we extend these characters to Bi by 1 along Aj. Denote by 7Tj the corresponding 
unramified principal series representation, and let f n . £ 7Tj be the corresponding spherical vector, 
normalized so that f Vi (ki) = 1 for all fc, £ Ki. 

Let /, : V — >• V - be the identity map. Then we define the following subspace of W: 

V f := Span{«j - t(vi), e}. 

Note that V" 1 is a maximal isotropic subspace of W^. Denote by G D P := Stab^ the 
corresponding maximal parabolic subgroup. The Levi subgroup Mc Pis isomorphic to GL(V'). 
Denote by N C P the unipotent radical. We consider the following induced representation of G: 

I (Si) —Ind^Sjodetyt) 
where the induction is normalized. Let /o £ be the spherical vector, normalized so that 

/o(l) = 1. We consider /o|g„xg„ +2 j an d denote this by /o- 
We define the following integral: 

Hfa, U n )(g n +2) ■= / fo(g n ,9n+2)^n(9n)fn n dg n . 

JG n 

We remark that since S; is unramified, we have Hj = | • ||; for some s e C. The integral A 
converges for Re(s) >> 0, and we use analytic continuation to define A elsewhere. 
Note that 

A(/o, U n ) £ IndJ^jyt n Q)xG„ S ' ® 7r »' 
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and so by transitivity of induction, we may view A(/q, fn n ) as an element of 7r„ + 2- 
Proposition 2.4. For any k G -fT„+2 a 716 ' n > 1 we /iai>e 

where Xe/f is the quadratic character attached to the extension E/F by class field theory. Recall 
that in the case where E is not a field, this is the trivial character. 

Proof. First, we note that A is constant as a function on K n+ 2- To see this, we simply note that 
/o is a spherical vector. 

Now, we consider /g := /o|g„xG„- Then we see that 

/ g \ 1/2 

fo G Ind^" (H, o det vt ) 

Now, we know that 

( 5 P (p) = |deVt(p)r +1 

and 

<5pn(G„xG„)b) = |deVt(p)P 
for p G P n (G„ x G„). So, by taking G„ = G in Proposition 3 in [21], we see that 

A(/ ,/.J(l) = A(/ 0! /.„)(!) = J^'*f ( ^®S,. - /„■ 

(This is analogous to Theorem 1.1 on page 16 of [5J.) □ 

We recall the action of x J5j on Gj + i by &i)<7i+i := &j+i<7i+i&i • As we mentioned 

before, there is a unique open and dense orbit under this action. We let rji+i € K i+ i be a 
representative of this orbit. 

Using the previous proposition, we have the following inductive relationship between £(H, £) 
and C(C,S): 

Proposition 2.5. For n > 1 we have 

, r ^ = £ g (l/2,i3G(7r ra+1 )0S ; ) - 

L B (l,BC(7r n ) ® EOLp^xl/p ® S,)^'" ; ' 

Proof. First, we note the following: 

/o ( 1 , g„+ 1 ) / / Wn+1 (r?„ + i g n g n +i ) /*„ (5™ ) dg n dg n+1 
G„+i jg„ 



L £ (l/2,BG(7r n+1 )®S ; ) 



which follows from Proposition 3 in [H]j^] To see this, we consider the pairing T : 7r„ + i <g)7r„ 
given by 



T(fl,h):= / fl(Vn+l9n)f2(9n)dg n - 
JG„ 



^Note that in 1241 the authors actually consider an integral over G^, 1 \(G n +i X G n _|_i), where G^, 1 is the 
diagonally embedded copy of G n +\. By identifying this with G n +i, we are led to consider the integral above 
instead. 
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Clearly, we have T{f- Kn+1 ,f- Kn ) = C(£)S). Now, note that g n +\ M> / (l,g„ +1 ) is bi-invariant 
under K n+ i. Choosing dk so that J K i dk — 1, we have 



fo ( 1 , 5n+ 1 ) T(g n +1 /tt„ + i , /tt„ ) 



l 

G n+1 

/ /o(l> kg n+ x)T{g n +iU n+1 , U n )dkdg n+X 

+i ^K„+i 

/o(l,5„+i) / T(k~ 1 g n+ if 7rn+11 U„)dkdg n+1 . 

+i JK n+1 

The inner integral gives a smooth linear form on 7r n+ i; more specifically, 



f^f T{k- l f,U n )dk 



gives a map L G ""n+i- I n f ac t: -k(<?n+i/7r ra+ i) gives a matrix coefficient on 7r„ + i which is bi- 
invariant under K n+ i. So, we see that there is a constant A such that 

L(g n +ifw n+ i) = A ■ B^ n+ i(«7n+i/irn+i>/"!rn+i)- 

To compute A, we simply take <? ra +i = 1, and we obtain S) = A. Now we use the result in 
[23] to obtain the claim at the beginning of the proof. 
Now, using Proposition 2.4 we observe the following: 

/o(l)Sfn+l) / f7r n+1 (Vn+igng7i+l)U rl (gn)dgndg n+ l 
G„+i JG n 

fw n+ i(.'lln+l9n9n+l)fo(9n.,9n9n+l)f-K n (9n)dg n dg n+ i 

/■7r„+i (?7n+ 1 ffn+i ) fo (g n ,9n+l) U n (g n ) dg n dg n+ \ 

G„ 



Un+AVn+Wn+l) / fo(9n,9n+l)fn n (9n)dg n dgn+ 



G„ + i JG„ 

/»r n+ i fan+lflVj+l ) A(/ , /tt„ ) (ffn+1 ) (1)^71+1 



+ 

G„ + i 



LB(l,BC(7r n )C 




n; =1 iF(i+j,s 




L B (l,BC(7r«)C 




n" =1 ^(i+i,s 




L E (l,BC(ir n )$ 




n7 =1 L,(i+j,s 


Xe/f) 



fn n+1 {Vn+l9n+l)fn„ +2 (ffn+lj^SVi+l 

f i 

/t»+j ( r /n+l5n+l )/tt„ +1 (Sn+l^n+l 

f i 

C(s,0- 

Note that we've used the fact that rj~+i is a representative for the open B n+ 2 x B n _|_i-orbit in 
G„+2- Also, we remark that the calculation above is similar to that carried out for orthogonal 
groups in [6]. 

Combining this with the first identity mentioned completes the proof. □ 



By induction on n, this gives us the following in the non-split (but quasi-split) case: 
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Corollary 2.6. Suppose E is a field. If n is even, then 

C(H,0 = II MV2, ^j)L E (l/2, ^%)L E (l,S i S j )- 1 L E (l,Sr 1 E j )- i 

l<i<j<n/2+l 

x H L E (1/2,E^)L E (1/2,E7%) 

l<i<j<n/2 

x n Mu^r'Mur 1 ^)" 1 

l<i<j'<n/2 
n/2 

X ^I, E (l/2,Xj ^ /F&^ 1 MUi^ 1 ■ 
i=l 

7/n is odd, /j/ien 

C(S,0 = [] ^(1/2,^)^(1/2, C'S,-) 

l<i<j<(n+l)/2 

x [] L B (l,S J S J )- 1 L B (l,S- 1 S,)- 1 L B (l/2,S^)i £ (l/2,S 4 - 1 C,) 

l<i<j<(n+l)/2 

n Mu^r'Mur 1 ^)- 1 

l<*<j<(n+l)/2 
(n+l)/2 

X J] £B(l/2,XB/FHi) _1 iB(l,S < )- 1 . 
i=l 

Proof. We check the base cases. The inductive steps follow from the previous proposition. 

The base case is computing C(("i)> (£o))j where £ is the trivial character. The two groups 
involved in this calculation are G 2 and G\ with principal series representations 7r 2 and 7Ti re- 
spectively. Let /(3j) be the normalized spherical vector in 7r 2 , and let fr^ be the normalized 
spherical vector in m. Now, since G\ — K\ is compact, we see that /(j ) is the constant function 
equal to 1. Now, let r? 2 £ K 2 be a representative for the open B 2 x £>i orbit in G 2 . Then we 
have that 



C((5i),(fo)) = / /( Hl )(»tefli)/«o)(Si) d 5i 



= / o!ffi (since 77331 G if 2 ) 
J if. 



= 1. 



□ 



We state the result in the split case as a separate corollary. 
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Corollary 2.7. Suppose that E = F x F . If n is even, then 

C(S,0 = ]J L F (l/2,e t ^) F (l/2,c/ ) r 1 ^)L F (l/2,9r 1 ^)L F (l/2,^ 3 ) 

l<i<j<i„+2 

x ft L F (l/2,^6 3 )L F (l/2,^6 3 )L F (l/2, ^^1^1/2,^) 
i<i<j<i n+1 

U + 2 



x I]L F (l/2,£o Mi )MV2,£o~V) 



»=1 

X 



II iff 1 -/ 1 . Vj) 1 L F (l,v i ij, j ) 1 L F (l,(j, i u j ) l L F {l,v i 1 v j ) 1 

l<i<j<Z„ + 2 

l<i<j<( n+i 

i=l i=l 

7/n is odd, f/ien 

C(S,0 = 1] L F (l/2,6 t ^)L F (l/2,cf>r 1 ^)L F (l/2,9- 1 ^)L F (l/2,cl ) ^) 

l<i<j<l n +2 

x J] ^(l/2,^^)L F (l/2,^i^)L F (l/2,^V,)L F (l/2,^) 

i<i<i<;„ +1 

in+l 

x J] L F (l/2,Eo0i)L F (l/2,Et %) 

i=l 

x JJ L i r(l,/xr 1 /Uj )- 1 L ir (l,^ /Uj )- 1 L F (l, Mi z/ j )- 1 i F (l,iyr 1 ^)- 1 

l<»<j<J„+2 
l<i<j<( n+i 

x n ^(l./iii/ij-^a.soW^a.soi/i)- 1 n 
i=i »=i 

Proof. Again, we need only check the base case. This time, we're computing £(( y iti,z^ 1 ), 
or C((0ii ^r 1 )' ("o)) 5 depending on whether n is even or odd, respectively. 
We compute £((#i, 0J -1 ), (So)). We have 

C((^i,0r 1 ),(So))= / / (ei ,^)(a)/(E )(a) do. 

Now, we now that Gi = F x . Also, Gi embeds in G2 in the following way: 

px,„^ fa + 1/2 a-l/2\ 

F U-l/2 a + l/2j eG2 ' 

(Note that since B 2 n £?i = {1}, we take 772 to be trivial.) 
Now, if a € O f , then we have that 



a + 1/2 a -1/2 
a -1/2 a +1/2 
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and therefore ^-^(a) = /(s )(a) = 1 in this case. 

If a e Of — Op, then we have the following Iwasawa decomposition: 

a +1/2 a-l/2\_(-a -l\ / -2 -2 
a -1/2 a + 1/2/ ^ lJ^a-1/2 a + 1/2/" 

If a ^ Of, then we have the following Iwasawa decomposition: 

a + 1/2 a-l/2\_(l/2 a\ ( 2 -2 

2 a 



a -1/2 a + 1/2/ I a / U - ^ l 1 1 



Using this, we can realize the integral as a geometric series: 



/ /(0 1;0r i)(a)/(E o )(a) rfa = 1 + ^ Mr 



#1^0 



. 1/2 I I „ 1/2 

G i n=l \ °F / x^oQf , 



1 - g^gl^l 

(l-fl-^So^a-a-^So) 

Ml/2, ^MIA ^iS )Lf(1, Mi) -1 - 



□ 



2.2.2. Calculation of S^-i £-i (1). The calculation of SW-i £-i(l) follows from Michael Khoury's 
Ph.D. dissertation if the unitary groups are non-split (but still quasi-split). If the groups are 
split, then the calculation follows from unpublished work of Kato, Murase, and Sugano. 
Quasi-Split Case. Recall that in this case, E is the quadratic unramified extension of F. Let 
w be a uniformizer for F, which - since E is unramified over F - is also a uniformizer for E. 
Also, we remind the reader that l n :— [n/2\. Let £ and Z be as before. Denote by Ai C Tj the 
maximal split tori. 

We begin the calculation by defining some convenient members of 
Z^ 1 ^ 2 , Si(n7) ±1 , Z2(zu) ±1 , . . . , ^i(t37) ±:L , ^2{'^') ±1 , ■ ■ ■}■ (Recall that qE is the cardinality of the 
residue field of E.) If n + 1 is even (hereafter known as Case A), then A n+1 = A n+2 = (F x , 
and we set: 

ln + 1 

6(H,0 _1 ■■= Y[L E {l/2M) H L E (l/2,S i QL E (l/2,S i ^ 1 ) 

i=i i<i<j<;„ +1 

x J] L E (l/2,Z^)L E (l/2,Zr%) 

l<j<i<i„+i 
ln + 1 

di(S)- 1 := l[L E (0,Zj) [] Lp^Z^LpiO^Zj 1 ) 

»=i i<i<j<; n+ i 

ln+1 

doitr 1 ■■= l[L E (0,^) J] L E (0,^j)L E (0,^). 

i=l l<i<j<i„ + i 

We remark that while we've given formulae for dr , dg~ above, it's actually 6, di, do that are 
in the ring Z[g^ 1/2 ,H 1 (a7) ±1 ,H 2 (a7) ±1 , . . . , 6M ±1 , 6M ±1 , • • ■]■ 
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If n + 1 is odd (hereafter known as Case B), then we have A n+ i = (F x ) ln+1 and A n+ 2 = 
(F x )'»+2. We set: 

U + 2 

KE^r 1 ■■= Hl e (1/2,Z z ) ft L E (l/2,E i QL E (l/2,E i ^ 1 ) 

i=l l<i<j<i„ + i 

x [] ^(1/2,5^)^(1/2,"-^) 

l<J«<Jn+2 

^(S)- 1 := J]i B (0,Hi) J] ^(0,^)^(0, SiHT 1 ) 

i=l l<i<j<i„ +2 

i„+l 

i=l l<i<j<l n+1 

Recall that the local Le factors are defined as Le(s,x) '■= (l — Q^xi^)) ■ 
We also define 

c(E = ^ 
Cl di(S)do(0 

as an element of (QKg^ , ^i(ccj), . . . , ^(ro), . . . ). Let W„ + 2 and W„ + i be the Weyl groups 
W(G n+ 2,A n+2 ) and W(G n+ i, A n+ i). If n+ 1 is even, both of these groups are isomorphic to 
(Z/2Z)'»+ 1 x S"i„ +1 . If n+1 is odd, then W„ +2 = (Z/2Z) Z ™+ 2 x Si n+2 ? W n+1 S (Z/2Z) ( -+ 1 x S Wl . 
These groups act on elements of A, (and therefore unramified characters of Ai) by permutation 
(the Si factor) and inversion (the (Z/2Z)') factor. 
Finally, define 

A~,r-= c(w'Z,w£) 

to'£Wn+s,to£W„-|-i 

1/2 

as an element of Q(g B , Hi (to), . . . , £i(ro), . . . ). 
Theorem 11.4 in [20] says the following: 

Theorem 2.8. Let wg € W n+ \ and w' e € W n+ 2 be the long elements, and let Bi C -fQ 6e Iwahori 
subgroups. (Recall that the Ki were fixed in defining S^-i ^-i.) Then 

Ss-x 4 -i(l) = C(S- 1 ,e- 1 )?^ l)+I(,oi) Vol(B„ +1 )Vol(S„ +2 )A H - 1>s -x. 
Here, the volumes are computed with respect to the Haar measures which give the Ki volume 1. 

Having introduced them already, we remind the reader that B, = N~^Ti^Ni^, where 
-^i.(o) = iVi [~l A'i, Tj .(o) = Tj n Aj, ATr is the unipotent radical of the parabolic opposite that of 
Ni, and is the subgroup of H Ki whose elements' off-diagonal entries lie in the ideal 

generated by w. The volumes are 

vo 1(B() . pkt^m 

n;.,w-(-i) j ) 

Lemma 2.9. -Aw^ is independent o/S and £. 

Proof. Adapting the proof from [15] , we first consider Case A. We define the following Weyl 
vectors: 

Pn+2 := V-n+li ln+1 — 1) • • • i 1) 

Pn+1 := (^n+1 - 1/2, /„+l ~ 3/2, . . . , 1/2). 
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Note that p n +i is half the sum of the positive roots of type Bi n+1 , while p n +2 is half the sum of 
the positive roots of type C/ n+1 . In what follows, we use the notation S p = n^i*- 
We define more members of Z^ 1 ^ 2 , Si(ce7), . . . , £i(w), . . .]. We set: 

V s := S-""+ 2 di(S) = ^ sgn(w') • (w , E)- p "+ 2 

Then we see that = sgn(w')2?H and Pn,^ = sgn(w)2?^. We introduce one more member of 

z [<?ff /2 ' s i(^)> 6M. • ■ •]■ Setting: 

S H ,i :=H-"»+=T^ +1 6(S,0 

we see that 

(2.5) A SiC = {V-V/:)- 1 sgn(w)sga(w')B( W 'E,w^). 

Now write 

for some coefficients e Z^ 1 ^ 2 ] (almost all of which are 0, of course). We say a monomial is 
regular if its stabilizer under the action of the Weyl group is trivial; otherwise we call a monomial 
singular. We show that all regular monomials in -Be,{ are in the orbit of El p "+ 2 £ p ™ +1 . 

Note that it is sufficient to show that that we have |Aj| < l n +i and < l n+ \ — 1/2 and that 
none of the /ij are integral. (All such monomials are either singular or in the orbit of £p™+2£p™+i .) 

Note that 

^ = n (^ 1/2 - «i 1/a €j /a ) n a-ffi i/a ^) 

l<i<!„+i Ki,i<l»+i 

x n or 1 - fe 1 ^- 1 ) n (c 1 -^- 1 )- 
i<i<j<;„ +1 i<j<i<; n+1 

It is clear from this that all in are half-integral but not integral. 

We check that |A,| < l n +i- Choose io <E {1, 2, . . . , l n +i}. The positive contribution of E io 
comes from 

IJ (l-q E 1/2 E t0 Q 

1<J<W1 

and the negative contribution comes from 

n (^-^V) n (c 1 -^ 9 ^ 1 )- 

10<j<ln+l l<j<i 

From this we see that |Aj | < l n +i- 

Now we check that | /Xj | < l n+ i — 1/2. Pick some jo G {1, 2, . . . , l n +\}. The positive contribution 
of Hj comes from 

^r-iE%i 2 ) n d-^ i/2 ^o). 

i<j<;„ + i 

From this we can see that \/j,j \ < l n +i + 1/2. Since we know that [ij is not integral, we now 
must show that \fij \ ^ l n +i + 1/2. 

Suppose there is some regular monomial ca jM S a £ ai such that \pj a \ = l n +i + 1/2- We will show 
that |Aj| < l n +i for all i. This will contradict the fact that the monomial is regular. 
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A monomial with (ij = Z n+ i + 1/2 appears in the the following product 

^ +i+l/2 n ^ 1/2 - «e /2 & 2 ) n d-fe 1/2 ^-) 



Ki<l n . 



i<<<j<i„+i l<j<i</„+i 
where c jQ € 1[q% 1/2 ]. 

We claim that for any ig, we cannot have |A< | = l n +i- If *o < io> we get ^n+i — io copies of 
S~ from the third product, and 1q — 1 copies of 2" 1 from the fourth product, and no more such 
factors anywhere else. Furthermore, we only get at most l n +i — 1 copies of Sj from the second 
product, and no more such factors anywhere else. 

A similar argument works to show that we cannot have fij = ~l n +i ~ 1/2. So, all regular 
monomials in -Be,{ are in the orbit of E / ' n + 2 f n+1 . 

Now, all singular monomials are stabilized by a collection of pairs of Weyl-group elements 
of opposite sign, and will therefore vanish from (2.5). Furthermore, since A~.^ is clearly Weyl- 
invariant, all regular monomials will appear with the same constant coefficient c, which is inde- 
pendent of both S and £. So we have 

A s ,t = c ■ {VsV^y 1 sgn(w) sgn(V )0'S)~ P " +1 (w£)- pn = c. 

The proof in Case B proceeds the same as in Case A. One needs to take 

Pn+2 ■= (ln+2 ~ 1/2, l n +2 - 3/2, . . . , 1/2) 

and 

Pn+l '■= {ln+2 — 1) k+2 ~ 2, . . . , 1) 

in this case. □ 

Now we compute As,£- 
Proposition 2.10. We have 

A S £ = (L(l, x)C(2)L(3, x) . • . L(n, x )C{n + l))" 1 

if n + 1 is even and 

As, 6 = (L(l, x)C(2)L(3, x) • ■ • L(n + 1, x))" 1 

ifn+1 is odd. Here, x is the quadratic character associated to the extension E/F and all L and 
£ factors are with respect to qp . 

Note that this is simply saying that A~ * = L(0, M^ +1 (l)) , where M^ +1 (l) is the twisted dual 
of the motive M n+ i associated to G„+i by Gross [7]. 

Proof. We prove this only in Case A. The proof proceeds similarly in Case B. 
We set 

S = {q E l " +2 ,q E (l " +2 - 1 \...,q E 1 ) 



( -1^+2 + 1/2 -;„ +2 +3/2 -1/2n 



and compute ^4= ?. 
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Note that b(w'E., w£) = if and only if at least one of the following is true: 

(w'E)i(w£)j = q E /2 for some i,j 
(w'E^wQj 1 = q E /2 for some i < j 
(w'E)~ 1 (wS l )j — q E 2 for some i > j 

^ 1/2 

( w €)j = 1e for some J- 

We show that b(w'E,w£) ^ w',w = 1. To sec this, note that there are elements <t,t of 

the symmetric group Si n+2 and £j,£^ € {±1} such that 

^ct(1)'"ct(2)' • ' ■ ' "a(l n+2 ] 
W t = (C(l) ' C(2) ' • ' ■ ' ^r(?»+ 2 ; 

(Note that l n+ 2 = l n +i = ^2 in this case.) Set r a := er~ 1 (Z„ + 2 + l— a) and s;, := r~ 1 (Z n+ 2 + l — b). 
To avoid the fourth condition above, we see that we must have s si = 1. But then, to avoid the 
first condition, we must have s! = 1 as well. Continuing to avoid the first condition, we see that 
£j = e'j = 1 for all 1 < < l n +2- We are left to show that both a and t are trivial. This is 
equivalent to showing that r% < s$ for all i, and that Si+i < rj. Suppose that s$ < rj for some i. 
Then we'd have (io'S)~ 1 (u;^) Si = q E 2 , which is the third condition above. Similarly, if Sj+i > rj, 
then we'd have (w'E) r . (u;^)"^ = g]/ 2 , which is the second condition above. So we have 

s 1 >r 1 > s 2 >r 2 > ■■■ > s tn+2 > r ln+2 
which means that both w and w' are trivial. This means that 

(2.6) A _KpllL 

^ di(S)do(0 

We denote ^ := — where H« := (^', . . . , q^) and := (q E l+1/2 , . . . , q E 1/2 ). 



By (2.6), and a straightforward calculation, we see that 

A l+1 = A x (L(2l + l,x)((2l + 2)y 1 . 

By induction on I, the proof is complete. 

The proof in Case B proceeds in the same way by setting 

S ._ / -Cn + 2-1/2) -(Jn+2-3/2) n - 1 / 2 \ 

^ •— \1e iIe > ■ ■ ■ > 1e ) 

and 

t:= {q E ^- 1 \q E ^- 2 \...^). 



□ 



The Split Case. Recall that in the split case, the unitary groups are just general linear groups. 
So, we consider the groups G„+2 and G rl +i where G t := GL^F)^ Let Bi , Ti and iVj denote the 
standard Borel subgroups of upper triangular matrices, tori of diagonal matrices, and subgroups 
of upper triangular unipotent matrices (unipotent radicals). Now, let 

£ = • • • j Sn+l) 

and 

2 = (Hi, . . . , H n+ 2) 



5 At this point, the reason for sticking with the choice of n + 1 and n + 2 is only for consistency with the 
non-split case. 
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where each £j,Sj are unramified characters of F x . We see that £ and 3 can be viewed as 
characters of T„_i and T n in the obvious manner; we extend them to characters of B n+ \ and 
B n+ 2 by triviality on the iVj. Then we define 

i(0 :=ind^;;e 

and 

7(3) :=IndJ^3 

where the induction is normalized. Let 77 be a representative for the unique open dense orbit of 
B n+ 2 x B n+ i on Gn+2- Now, we recall the function Ss t £ on G n +2. We have 

Ss,i(g) ■= / y~,,e(fcn+25~ lfc n+i) dk n+1 dk n+2 

J K n+1 y.K n+2 

where is the function defined on G„+2 by 

(1) Y^{b n+2 gb n+1 ) = (Z- 1 5l/+ 2 )(b n+2 )(Z8~l / 1 2 ){b n+1 )Y Bjt i:(g) for all 6„ +2 G B n+2 and 6„ +1 G 

(2) y H ,c(?7) = 1 

(3) Y 3 ^(g) = for <? £ B n+ ^B n+1 . 

As mentioned earlier, we're interested in computing Sh^ at the identity. We have the following 
result of H9l: 



Theorem 2.11. 



l{w e )+l(w' e ) ril<i<j<ii+2 ^^(1/2, £i^„_j +3 ) ]ll<3<t<n+2 ^-F(V 2 7 £j 1 "„-j+3) 



^ (1) g 

nr=i oko rii< l <j<„+i af(i, c^ 1 ) rii<i<j<n+2 £f(i, SiS^ 1 ) 

2.2.3. Concluding the unramified calculations. Now that we've computed both Ss,£ (1) and C(3, £)) 
we have actually computed the local integrals in the unramified case. In this section, we show 
that they are essentially a product of local L-factors. 

If we let 7r„ and 7r n+ i be unramified principal series representations of G„ and G„+i, respec- 
tively. Let £ = (£1, £2, • ■ ■ i £l™/ 2 J ) an< ^ " = C^ 1 ' • ■ ■ ' '^L(™+ 1 )/ 2 J ) ^ e * ne re l evan t characters of S ra 
and B n+ i. We first consider the standard local L-factor. In the quasi-split case, for n = 21, we 
have 

L E (s, BC(ir n ) <g> BG(7r n+1 ), st) 

l<i<j<l 



l<J<j<i 

x 

■;=i 



22 



R. NEAL HARRIS 



If n = 21 — 1, we have 

L E (s, BC(ir n ) <g> BC{w n+1 ),st) 

= II LEis^iS^LEis^S^LEis^J^LEis^Sj 1 ) 

l<i<j<l 

x J] LEia^LEis^S^LEis^iSj^LEis^Ej 1 ) 

l<j<i</-l 
I 

x[]L E (s,S i )I £ (s,Hr 1 ). 

Now we consider the adjoint local L-factors. In the quasi-split case, for n = 21, we have 

i F (s,7r„,Ad) = Cf(s) 1 L f (s,Xe/f) 1 

x JJ LF(2s ) ^ j )LF(2a,C 1 ^)iF(2a,C 1 f7 1 ) i F(2a,^7 1 ) 
i<i<j<i 
i 

l[L F (s,^)L F (s,^) 



x 



and 



1^[L f (s,xe/f^)L f (s,Xe/f^i 1 )L F (2s,E i )L F (2s,E i 1 ). 



L F (s,w n+1 ,Ad) 

= Cf( S ) 1 Lf(s,xe/fY +1 

x I] L F (2 S ,E l E 1 )LF(2 S7 Er%)LF(2s,Ei 1 E- 1 )L F (2 S ,E l EJ 1 ) 

l<i<j<l 
I 

i=l 

In the quasi-split case, for n = 21 — 1, then we have 
L F (s,ir n , Ad) 

x J] L F (2s,^)iF(2 S ,C 1 ^)^(2s,C 1 ^ 1 )^(2 S ,^7 1 ) 

l<i<j<i-l 
(-1 

x ]J M*> Xe/f&)L f (s, xe/f^ 1 )L f (2s, &)L f (2s, ^r 1 ) 



i=i 



and 



L_f(s,7t„ + i, Ad) 

= ( F (s) 1 L f (s,Xe/f) 1 

x J] LF(2 S ,E l E 1 )LF(2 S7 E~ 1 E J )LF(2s,Ei 1 E- 1 )L F (2 S ,E l EJ 1 ) 

l<i<j<l 
I 

xJjLp.^SOiF^Hr 1 ). 

1=1 

Now we discuss the split case. Recall that at a split place, we have E = F@F, and V = Vi©^, 
where each V; is an F-vector space. Also, we have U(V) = GL(Vi) via the map (51,52) >->• <7i- 
So, the representations 7r n and Tr n +i are unramified spherical series representations of GL n (F) 
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and GL n+ i(F), respectively. If 5 = (Si, . . . , 3„_|_i) and £ = (£1, . . . , £„), where each of the 3, 
and £i are unramified characters of -F x , then we have 

L E {s,BC(ir n ) (g) BC(n n+1 ), st) = L F (s,n n (g) w n+1 , st)L F (s, ® 7r^ +1 , st) 

= [] L F (s, 63i)L^(s, ^EJ 1 ). 

l<i<n 

l<j<n+l 

The adjoint L-factors are as follows: 

L F (s,Tr n ,Ad) = CF(s) n 1] L F (s,^) 

and 

L F (s,Tr n+1 ,Ad) = ( F (s) n+1 [] L F (s,SiEf). 

l<i^j<n+l 

So using the results from the previous sections, we have the following: 
Theorem 2.12. For v g S 

-p'(u n+2 ,u n+1 ) = c(3,e)^H- I ,s- 1 (i) 

T(M y m x L g (l/2,B(7(7r n+2 )EIBC(7r n+1 )) 
H iu n+2( L),v, LFih7Tn+2>Ad)LF{hnn+1)Ad) 

= Z ^G n+2 ^7r„ +2 ,7T„ +1 (l/2). 

3. The Refined Gross-Prasad Conjecture for U(l) x U(2) 



In this chapter, we give a proof of Conjecture 1.3 for U(l) x U(2). As mentioned before, in 
this case the conjecture follows almost immediately from a theorem of Waldspurger. However, 
this theorem does not deal directly with representations of unitary groups, but instead of a 
quaternion algebra. 

To bridge this gap, we use a result that says that any irreducible, cuspidal, automorphic 
representation ir of U (2) can be lifted (in the appropriate sense of 'lift') to an irreducible, cuspidal, 
automorphic representation n of GU(2). Then, by using a an isomorphism of algebraic groups 
that relates GU{2) to a quaternion algebra B, we have that tt = EK1?7, where S is a representation 
of B x , and r\ is a Hecke character of A^,. After getting our hands on a representation of a 
quaternion algebra, we let Waldspurger's theorem finish the job. 

3.1. The groups U(l) C U(2) C GU(2). Let F be a number field, and let E be a quadratic 
extension of F. Let B be a quaternion algebra defined over F, with a fixed embedding E °-> B 
of f-algebras. We view B as a 2-dimensional vector space over E via left multiplication. Let 
: B — >• £> be the standard involution. Let (r) = Gal(_E/F). We note that e = r{e) for all 
e G E. With this involution, we define trace and norm maps in the usual way: 

N B (x) := xx £ F 
Ttb{x) :— x + x^F 

for all x E B. We have b E B of trace which normalizes E, and whose conjugation action on E 
is r. Any other member of B with these properties is of the form A6, with A G E. This gives us 

s = e e £ • &. 

Now, we can define a non-degenerate hermitian form on B as follows: 

(x,u)b '■= projection of xy onto the E factor via the decomposition above. 
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Since we have a hermitian form on B, we can consider the unitary group U(B) and the 
similitude group GU{B). Furthermore, we have 

GU(B) S (S x x E X )/(AF X ) 

where AF X denotes the diagonally embedded copy of _F X in £> x x E x . The action of B x x E x 
on B is given by 

(b, e)(x) := exb^ 1 

The similitude character is given by 

(b,e)^N E/F (e)N B (b)- 1 . 

So, we see that 

U(B) = {(M : N B (b) = JV B/F (e)}. 

Here, (6, e) denotes the equivalence class of (b, e) modulo the diagonally embedded F x . We also 
see the center is given by 

(3.1) Z U[B) = : N B (f) = N E/F (e)Je F x } = {(M) : N E/F (e) = 1}. 

We also consider the line L B := E ■ b C B, and we view the associated unitary group U(L B ) 
as E x in GU{B). 

Now, for any pair of unitary groups U(l) C U(2) defined over F, there is a quaternion algebra 
B over F and embedding E ^ B such that t/(l) = U(L B ) and f7(2) = C/(S). For ease of 
notation, we will refer to the unitary groups as G\ and G2, and the unitary similitude group as 
G 2 . _ 

We view G%, G2 and G2 as algebraic groups over F. Let (m, V ni ) and (ir 2 , V^ 2 ) be irreducible, 
cuspidal, tempered automorphic representations of G\(A F ) and C?2(Af), respectively. 

3.2. Extending Cusp Forms. By Theorem 4.13 in [T5], we have the following result about 
extending cusp forms from G2(A F ) to G 2 (A F ). 

Theorem 3.1. There is an irreducible, cuspidal, automorphic representation (7F2, o/G2(Aj?) 
such that V%|g 2 (a f ) 3 V^ 3 . 

Caution 3.2. Note that the restriction above is that of functions, and not restriction of the 
representation. 

Let (7F2, V^) be a representation of G^A^) given by the theorem above. Then we have 

vr5 = S Kl 7? 

where E is a cuspidal irreducible automorphic representation of B x (A F ), and r] is a Hecke char- 
acter of A^, and wi;ry| A x = 1, where ws is the central character of E. As usual, fix isomorphisms 
E = ®„E„ and ?/ = ® v rj v . 
We observe that we have 

w *s = 7 l\ A * 1 - 

We denote by E' the representation of GL2(A^) associated to E by the Jacquet-Langlands 
correspondence. 

Now, for / g Vn 2 , we denote by / g a cusp form such that /|g 2 (a f ) = /■ We write 

/ = h <8 V- 

As a consequence of this decomposition, we note that for any f\,f% £ V^- 3 , the correspond- 
ing f\, f 2 € Vy^ satisfy fi(z)f2{z) = 1 for all 2 £ Zqu^ B j, so that /1/2 is a function on 
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Zau(B)\GU(B). Furthermore, since fi.s(z) — f2,n(z) for all z in the center Z B x(A F ), we 
see that /i,e/ 2i e is a function on ¥B X (A F ) := (Z B x \B X )(A F ). 

3.3. Waldspurger's Theorem. We give a brief discussion of Waldspurger's theorem to be used 



in the proof of Conjecture 1.3 for n = 1. We take B, S, and £' as defined above. Let T be the 
torus given by the embedding E B, so that T(F) is identified with E x C B X (F). Let x 
be a Hecke character of T(A F ), and / G S. Let Zb denote the center of B x . The period that 
Waldspurger considers is 

2 



P(/,X) := 



f{t)x-\t)dt 

Z B (A F )T(F)\T(A F ) 



where dt is the Tamagawa measure, which gives Vo\(Zb(A f )T(F)\T(A f )) = 2. Let Bs v and 
B Xv be local pairings. We also choose local measures dt v so that dt = Y[ v dt v , as usual. Then set 

Oi v (fv,Xv) ■ = 

C F ^2)L Fv (i/2,^ v ® x ^) Y 1 f „ (rust n« f-if*\ w 
7 — n v , , ,w — r / BxAZv(tv)fvJv)B x AXv {tv)Xv,Xv)dt v . 

We let be the Petersson inner product on S, where the integral is taken over [P£? x ]. That 

is 



Be(A,/ 2 ) := / fi(b)f 2 (b)db 



where c?6 is the Tamagawa measure. 

Then Waldspurger's theorem (see [34], page 222) is the following: 

Theorem 3.3. Suppose that S has trivial central character. Then 
P(f,x) = Cf(2)^(l/2,i3C , (I]O0x' 1 ) - rT 

B E (/,/) 2L i r(l,S',Ad)L F (l, Xs/F ) LLB^ifvJJB^iXviXvY 

Remark 3.4. The reader will notice that the formulation of Waldspurger's theorem we give looks 
slightly different than that given by Waldspurger himself. In [34] . he chooses the global Haar 
measure 6 \such that Vo\(Zb(A f )T(F)\T(A f )) = 2L f (1,xe/f)i an d he chooses local measures 
compatibly with respect to this. With our choice of measures, the formulation above is equivalent. 
He also does not include the local pairing B Xv anywhere in the result. Our inclusion of B Xi] - 
both in the definition of the a v and in the denominator of the product on the RHS of the theorem 
- does not change anything. 



3.4. Proof of Conjecture 1.3 for U(l) x U(2). Waldspurger's theorem does the bulk of the 
work in proving Conj ecture 1 1 . 3| for n = 1. As usual, we let 7Tj denote an irreducible, tempered, 
cuspidal, automorphic representation of Gi(A F ). 

Let By, be as above, and B Vi ,B^ are defined as follows, where all global measures are the 
appropriate Tamagawa measure: 

B ffj (/i,/ 2 ) := / fi(g)M9)dg 



J%(/i,/a) := / _ h{g)h{g)dg. 

J Z^r{A F )G 2 (F)\G 2 (A F ) 

Note that for f 1 ,f 2 € tt$, we have B^r 2 {fi,f 2 ) = Bs(fx,s, /2,s)- 



^Waldspurger also refers to this as the Tamagawa measure. This collision of terminology is unfortunate, and 
we hope the reader suffers minimal confusion as a result. 
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We choose local pairings B^ iv compatibly with the associated global pairings, so that ]J V B^ iv = 
B 7Ti . Howev er, w e choose the local pairings B^ v so that for /j £ 7r 2 ~ which we extend to fi € TT2 
by Theorem 3.1 - we have B Sv (/i,e„, /2,sJ = B n2v (f ljV , f 2 , v ), where / ii0 = / i)St) <8> 77. 



We now have enough in place to prove Conjecture |1.3| for n = 1. Recall that Waldspurger's 
theorem assumes that the central character of £ is trivial. However, in [36] . the authors remove 
this assumption. 

Theorem 3.5. Let f 6 7T2 and / = /s ® 77 € 7T2 swc/i i/iai /|g 2 = /• Let 9 G 7Ti &e a unitary 
character of G\(A E ) , which we are viewing as the norm-one elements ofA E . Then 

/ UlGi. »J - 41x^)1^(1, tt 2 , Ad)L F (l, 0, Ad) 11 ' ^ J 

where X (112) is the set of automorphic characters uj of GU(2)(Ap)/U(2)(A E ) such that t^.® uj = 
7?2. We remind the reader that A G . 2 := Lp(l, Xe/f)Qf(2). 

Proof. We have the following: 



1(9)0(9) dg = / f(g)9(g)dg 

[Gi] J[Gi] 



Mg)v(g)0(g) dg 

Z B (A F )T(F)\T(A F ) 



Mg)^ 1 (9)0(9) dg. 

Z B (A F )T(F)\T(A F ) 



So, Waldspurger's theorem gives 



V(f\ Gll 9) _( F (2)L E (l/2 1 BC(V)®nBC(9- 1 ))j^ a v (f^ v , V ^9 v ) 



Bv(fr,fe) 2L F (l,jy,Ad)L P (l, X E/F) V B^C/s^/eJS^^- 1 ^,^ 1 ^) 

Noting that 

a v (h^ r lv 1 dv) = V v (f v ,6 v ) 

and 

l[B ri M 1 0v,Vv 1 0v) = 2 

V 

we have _ 

V(f\ Gl ,9) ^ Cf(2)L e {1/2,BC(H')Mt 1 BC(9- 1 )) yr VJJM 

B*(h,h) 4L F (l,£',Ad)L F (l, XF/F ) „ S s „ (/s„ , /e„ ) ' 

We remark that BC(9^ 1 ) is the character of A E /A F given by 

where Gal(-E/.F) is generated by r. 

Recall that /3 s (/s,/s) = B^(f,f) and /3s„ (/s„ , /sj = Bn 2iV (fv, fv)- As for the L-values, 
we have 

L F (s,£',Ad) = L F (s,7r 2 ,Ad) J L F (s,x £ ;/F) _1 

and 

L F (l/2, BC(E') ® r 1 BC(9- 1 )) = L E {s, BC(ir 2 ) H BC«)). 

This gives: 

V(f\ Gl ,6) _ A G2 L E (s,BC(ir 2 )® BC(ir?)) P v {fM 



Bss(/»/) 4i F (l,^ 2 ,Ad)L F (l,x F/F ) \ L B n2 Jf v ,f v )' 
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By Remark 4.20 of [15] . we have: 



\X(n 2 )\ 



Vol(G 2 (F)\G 2 (A F )) Vol(Zg 2 (A F )G 2 (F)\G 2 (A F ))' 
The volumes are: 

Vol(G 2 (F)\G 2 (A F )) = Vol(Zg 2 (A F )G 2 ( J F)\G 2 (A F )) = 2. 
Finally, we note that IS^J = 2 and \S$ a \ — 2 ■ |A(7r 2 )|, so that 

\S^\-\S^\ = 4- |X(tT 2 )| 



as stated in Conjecture 1.3 This completes the proof. □ 



4. Ichino's Triple Product Formula 

We now begin introducing the machinery necessary to prove Conjecture |1.3| for n — 2. The 
first tool that we introduce is a result due to Ichino: the so-called triple product formula. Like 
Waldspurger's theorem and the Refined Gross-Prasad Conjectures already mentioned, Ichino's 
formula gives an explicit relationship between a period integral and a particular L-value. 

Let n, r 2 and 73 be irreducible, cuspidal representations of G 2 . Denote by u>i the central char- 
acter of T~j. We require that cj 1 w 2 oj 3 = 1. Recall that from Theorem |3.1| we have corresponding 
representations fi,f 2 ,T3 of G 2 . Also recall that we have 

fj = Si M rji. 

In order to make use of Ichino's formula, we must ensure that the central characters of the Ej 
multiply to give the trivial character. The following lemma ensures that we can choose the fj 
extending the r t such that this holds. 

Lemma 4.1. There exist f% extending the Tj such that the corresponding rji satisfy 771772^73 = 1. 

Proof. We note that since wicj 2 W3 = 1, we already have that 771772773 1 A x = 1. But this means 

that 77x772773 = x N E / F for some Hecke character x of A p . So, by twisting one of the 77^ - say 
Vi ~ by o Ne/Fi we can achieve the desired result. Note that in order to ensure that f\ still 
extends 7"i, we must also twist Si by x Nb- D 

An immediate consequence of the previous result is that we can choose the fj such that the 
central characters wjv of the Ej satisfy ws^SjWSj = 1. To see this, we simply note that 

w Sl w S2 ws 3 = (77i77 2 77 3 )" 1 | A x. = 1. 

So, having chosen the f j in this way, we are entitled to make use of Ichino's formula. 
Let fi € fj. In [17 , Ichino proves: 

Cf(2) 2 i F (l/2,S') 



(4.1) 



(/i,£i 72,23/3,23) (&) db 

P73 x (F)\PS x (Ajr) 



8(nlii^)i)iF(i,s',Ad) 



where 

L F (s, S') := L F (s, Ei M E 2 ® S 3 ) 
is the triple-product L-function, 

L F (s, E', Ad) := L F (s, E' l5 Ad)L F (s, E' 2 , Ad)L F (s, E 3 , Ad). 
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and the J v are denned as follows: 

L Fv (l,V v ,M) 



C^(2)2L^(l/2,Sg 

/ ^Ei,„ (Si ) „(6 t ,)/s 1)t; , /ei,u)Se 2 „ (S 2 ,„(6„)/s 2 ,d, /s 2 ,i>) 
7p.B* 

Se3 ! „(S3 iJ ,(6„)/e 3 , u , /e 3 ,u) 

Here we make what will seem - for the moment - to be a strange normalization; we require that 
Ili=i (l^( T i)l _1 ' Ilt;^s 4 ,v) is the Petersson inner product on VB X . 

We will spend the remainder of this chapter using this formula to derive one more suited for 
our purposes. For the remainder of the chapter, we assume that at least one of the fj - say T3 - 
is dihedral with respect to E/F; in other words, we assume that £3 = £3 <g> Xe/f- 

At every place v of F, we consider the following subgroup of B x : 

:= {b v G B* : N Bv (b v ) G N Ev/Fv (E x )}. 
Note that (-B*) + is not the F„-points of an algebraic group over F. We also write 
B X (A F )+ := {(b v ) v G B x (A f ) : 6, G (5, x ) + for every «}. 

We will denote 

(¥B X )+ :={b v e¥B x :b v e(B x ) + }. 

It is easy to see that this is well-defined. Note that (B x ) + contains the center Zb v of B x , so 
that 

(FB x )+ = (B x )+/Z Bv . 

We also set 

VB X (A F )+ := {(£)„ G VB X {A F ) : 6, G (S„ x )+ for all v}. 

We now give two lemmas toward converting Ichino's triple product formula to a formula 
involving only data for 17(2). The first of these is a local result which will allow us to relate 
integrals of matrix coefficients of the fj over GU(2) V to integrals of matrix coefficients of the r, 
over f7(2)„. 

Lemma 4.2. Let f v ~T, v Mr] v be an irreducible representation of GU(2) V . Suppose that £„ is 
dihedral with respect to E v /F v . Viewing f v as a representation ofU(2) v C GU(2) V by restriction, 
we have 

fy = Ty © Ty 

where r+ and t~ are inequivalent and both irreducible. Furthermore, for a vector x + G t+, (•, •) 
any GU (2) v -invariant inner product onf v , and f afunction onGU(2) v such that (g-x + , x + )-f{g) 
is a function on Z GU ( 2 ) V \GU(2) V , we have 

[ (g-x+,x+)f(g)dg = [ (g ■ x+,x+)f(g)dg 

Jz GU(2)v \GU(2) v J Z GU{2)v \GU(2) + 

where GU{2)+ := Z GU{2) U{2) V . 

Proof. The fact that the restriction of f v to U(2) v decomposes as described follows from the fact 
that E„ is dihedral. Now, setting GU(2)~ := GU(2) V - GU{2)+ we have 

GU(2) V = Gf7(2)+ U G{7(2)+c 
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for some c G GU(2) V that interchanges r+ and t v . (The fact that c interchanges r+ and t v 
follows from the fact that neither is invariant under GU(2) V .) So, we have the following identity: 

/ (g-x+,x+)f(g)dg 

JZgu(2) v \GU(2) v 

= / (9 ■ x + ,x + )f(g)dg + / (gc ■ x + ,x + )f(gc)dg. 

J Z Gui2 ) v \GU(2)+ JZ GU(2)v \GU(2) + 

We claim the second integral on the RHS vanishes. Indeed, c • x + G r~ , and g ■ x~ G t~ for any 
x" G t~ and g G G£7(2)+. Since t~ and r+ are orthogonal, this completes the proof. □ 

The next result is a global analogue of the previous one. While we already know that for a 
cusp form / on U(2)(A F ), there is a cusp form / on GU(2)(A F ) which restricts to /, this is not 
quite good enough to compare Ichino's triple product integral to one over [[/(2)]. We need a / 
which vanishes away from 'the complement of U(2) in GU(2)\ The following lemma says that 
such a / exists. 

Lemma 4.3. Let r be an irreducible, cuspidal, automorphic representation ofU(2)(A F ), and let 
f = X M rj be an irreducibile, cuspidal, automorphic representation of GU(2)(Ap) extending r. 
Suppose that S is dihedral with respect to E/F. Then for f € r, there isa/ = /s®7?€f such 
that /s vanishes away from B x (F)B X (A F ) + . 

Proof. First, we fix a decomposition f = ® v f v . Now, as in the previous lemma, we have f v — 
®t~ as representations of U(2) v . We adjust the labelings so that for almost all v, r+ contains 
the spherical vector of f v . We note that as a C/(2)-module we have 

s 

where S runs over all finite sets of places of F, and 

t s ■= (Owes t~) <E> (<E) V ^ S t+). 

We note that S ^ S' => t$ ^ t$> ■ So, there is a unique So such that r = Tg . 

We denote by A a (GU(2)) and ^ (^(2)) the spaces of cusp forms on GU (2)(A F ) and U(2)(A F ), 
respectively. Under the natural restriction map Res : Aq(GU(2)) — > ^l (C^(2)), we see that ts 
is sent isomorphically to r. So, there is a unique / = /s <8> ?? G T5 Ct such that Res(/) = /. 
We now claim that /s vanishes away from B x (F)B X (A F ) + . 

Toward proving this claim, we consider the map 

<f>:A Q (GU(2)) -+ A(Gt/(2)) 

/e O »? >-> fcXE/F O ??■ 

If we let i? be the action given by right translation of GU(2)(A F ) on Aq{GU{2)), then we 
see that cj> intertwines the action of R and R® Xe/f- In particular, since xe/f is trivial on 
U(2)(A F ) C GU(2)(A F ), we see that </> commutes with the action of U(2)(A F ). 

Now, let V C Aa(GU(2j) denote the underlying space of functions for f. We claim that 

<f>(V) - V. 

This follows from the fact that f is dihedral with respect to E/F, and that GU{2) enjoys the 
multiplicity-one property. 

So, we see that we have a GC/(2)(A F )-equi variant isomorphism 

<1>:(V,R)^(V,R®Xe/f)- 
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Noting that cj) 2 = 1, and that (j> is clearly not a scalar, we have a decomposition 

V = 7+ © y- 

where y + is the +1 eigenspace for and V~ is the —1 eigenspace. 

Now, note that if / € V + , /s vanishes away from B x (F)B X (A F ) + . Similarly, if / € V"~, 
/s vanishes on B x (F)B X (A F ) + . Note that this is simply saying that the kernel of Res|y is 
precisely V~ . 

Let Vs C V be the space of functions affording the representation Ts g described above. 
To finish the proof, we must show that Vs C V + . Since cj> commutes with the action of 
U(2)(A F ) on Vs , we see that either Vs a C V + or Vs C V~ . But the latter is impossible, since 
Res(V~)=0. □ 

Remark 4.4. Note that the map <f> in the preceding proof has a local analogue. Indeed: if r is 
dihedral, then for each v, we have GU (2) v -equivariant isomorphisms 

4> v : f„ ->• f v ® Xe v /f v - 

Note that we may normalize these <p v so that they are well- determined up to a sign. By Schur's 
Lemma, we see that <fi — ± ®„ <f) v . By adjusting the sign of one of the 4> v , we may assume that 
4> = ® v (j) v . Let r+ and t~ denote the +1 and —1 eigenspaces for <f> v , respectively. Recall that 
there is a unique set Sq of places of F such that (Vs ,ts ) C V + affords the representation r. 
Note that by the above, \Sq\ is even. By adjusting the <p v for v e So, we can assume Sq = 0, and 
we can still have </> = ® v <p v . The fact that Sq — means that we have t v = r+ for all v. 

We observe that VB X (F)VB X (A F )+ is a subgroup of index 2 in VB X (A F ). Similarly, the 
space VB X (F)\VB X {F)VB X (A F )+ has 'index 2' in VB X (F)\¥B X (A F ). Denoting VB X (F)+ := 
VB X (F) n VB X (A F ) + , we see that we may identify the spaces 

VB X {F)+\VB X [A F )+ ^ VB X (F)\VB X (F)VB X (A F )+. 

With this in mind, we may view PB X (F)+\PB X (A F )+ as a space of 'index 2' in PB X (F)\¥B X (A F ) 

With this is mind, we have the following consequence of Ichino's formula and the preceding 
lemma: 

Proposition 4.5. If fz is chosen such that f3,s 3 vanishes off B x (F)B X (A F ) + , then 



[ (/l )Sl /2,E 2 /3, S3 )(&) db 

JFBx(F) + \FBx(A w ) + 



2 



Q(2)^ F (1/2,E') jTj 
8 fn-=i \X(n)\)L F (l,V, Ad) 1 / V 



! x (F)+\PBx(A 

Our final task for this chapter is to reinterpret the result above completely in terms of data 
on unitary groups. Having chosen extensions fj of the r,, we have the decompositions 



and 



We see that as representations of t/(2), we have Tj jt) C fi lV . Furthermore, by Remark 4.4 we have 
that t 3<v = t^ v . 

We have already fixed the pairings v ; now we also fix pairings B r)i v on the % lt , such that 
Y[ v v gives the Petersson pairing on We see that the tensor product of v and B, H v 
yields a pairing on f i v , which we denote by B^ i v . We also consider its restriction to the subspace 
Ti iV , which we denote by B Ti v . 

Remark 4.6. By Remark 4.20 of |15j and our choice of B^ i v earlier, we have that the products 
Yiv v 9^ ve the respective Petersson inner products on Ti . 
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Let fi £ fi be cusp forms extending fi £ Ti. Suppose that fi = <8> v fi,v Without loss 
of generality, we may assume that the fi are also pure tensors (because Res restricts to an 
isomorphism on the subspaces of Ao(GU(2)) that afford the r,). Suppose that fs is chosen such 
that /3,e 3 vanishes away from B x (F)B X (A F ) + . 

We can now give a reinterpretation of the previous proposition, using data for G 2 instead 
of G 2 . We remark that since T3 is assumed to be dihedral with respect to E/F, we have that 
BC(tz) is isomorphic to the principal series representation tt(xi, Xi) of GL 2 (A F ) for some Hecke 
characters Xi 01 &e- 

Note that with the choices we have made, we can rewrite the J v as integrals of matrix coeffi- 
cients of the Tj. Indeed, we define 

x , = L Fv (f , 7i,„, Ad)L Fv (1, t 2| „, Ad)L Fv (1, t 3>v , Ad) 

' CF„(2) 2 J L £ „(l/2, J BC(r 1 ,„)KBC(r 2 , w )K X i,,)^(l ! X£„/Fj 3 X 



^ti „(''"l 1 t;(ff 1 ))/l,i;, fl.v)B T2 v (T2,v(9v)f2,v, h,v) 

Z u(2)v \U(2) v 

^T 3 ,v( r 3,v(9v)f3,v, h,v)dg v . 

We remark that this is well-defined since W1W2W3 = 1. We also note that the constants in front 
of t he re spective integrals in the definitions of J v and X v agree by Propositions |A.1| |A.2[ |A.3[ 
and 



A.4 



in the appendix. Recall that we have chosen so that fs tV £ r+ for all v. Then by 



Lemma 14721 we see that 

^S 3 ,„(S 3 ,„(6 1 ,)/s 3 ,i;,/s3,d) 
/ ^Ei „(^l,t)(^)/Si,i); /si.u)^E 2 „ (^2,-u(^t>)/s 2 ,i" /s 2 .i>) 

^S 3 . v C^3.v{bv)fs 3 ,v,fs 3 .v) db v 

&ti v (Tl,v(9v)fl,Vi h,v)B n v ( T 2,v(9v)f2.v, h,v) 



Zu(2) v \ U ( 2 )v 

^T 3 ,v( r 3,v(9v)f3,v, h,v)dg v . 

Here, dg v is the Haar measure derived from db v under the isomorphism (¥B X ) + = Z{j( 2 ) v \U(2) v . 
So, we see that J v — X v , and the X v are defined completely in terms of data for U(2) v . 

Finally, we give the following restatement of Ichino's triple product formula. Note that since 
r 3 is assumed to be dihedral with respect to E/F, we have BC(t 3 ) = 7r(x 1 ,x 2 )j the principal 
series representation on GL 2 (A F ). 

Corollary 4.7. Let fi £ Ti and fi £ fj be as above. Then 

/.-.WW 2 CFm 2 L E (l/2,BC(T 1 )MBC(T 2 )M X i)L F (l,XE/F) 3 n , 

(/i/2/3)(9) dq = 5 I \X V . 

, [G2] (J 2l\l 1 \X(r l )\L F (l,T 1 ,Ad)L F (l,r 2 ,Ad)L F (l,T 3 ,Ad) l v L 

Proof. First we show that 

(fif2h)(g)dg = 2 [ {k^k^h^){b)db. 

[G 2 ] iPB x (F)+\PB x (A F )+ 
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Since the product of the central characters of the Tj is trivial, we see that /1/2/3 is really a 
function on G 2 (F)Zc 2 (Af)\G 2 (Af). So we have 



(/i/2/ 3 )(s)d fl = Vol([Z Ga ]) / (hf2h)(g)dg. 

[G 2 ] Jg 2 (F)Z G2 (A f )\G 2 (Af) 

Here, Vol(Zc 2 ) is computed with respect to the Tamagawa measure on Zq 2 . Note there is a 
natural identification of the spaces G 2 {F)Z G2 (A F )\G 2 (A F ) and PB X (F)+\PB X (A F )+. This 
gives 



{hhh){g)dg= / (/i.^JWa,^ )(&)*• 

G 2 (F)Zc 2 (A f )\G 2 (A f ) JPB* (F ) + \PBx (Af ) 

Since Vo1([Zg 2 ]) = 2, this proves the claim. 

Finally, by invoking Propositions |A.1[ |A.2[ |A.3[ and Corollary |A.5| in the appendix, the proof 
is complete. □ 

5. The 6-Correspondence for Unitary Groups 



While the first case (n — 1) of Conjecture 1.3 follows rather easily from Waldspurger's theorem, 
a proof of the conjecture for n = 2 will require significantly more work. In fact, we will only be 
able to prove the conjecture for a restricted class of representations. 

In this section, we will first introduce the Weil Representation and 8-correspondence. Given 
two unitary groups U(V) and U(W) and a cuspidal automorphic representation tt of U(V)(Ap), 
the 0-correspondence constructs for us a cuspidal automorphic representation of U(W)(Ap). 

The 0-correspondence is useful for us because it relates the period integral we wish to compute 
to a more familiar integral: Ichino's triple product integral. The relevant cartoon is the following 
seesaw diagram: 

u(Vi © v 2 ) u[w) x u(w) 




U(Vl) x U(V 2 ) U(W) 

Here, the vertical bars denote containment, and the oblique bars denote members of a so-called 
dual reductive pair in Sp((Vi © V 2 ) ® W), which we define presently: 

Definition 5.1. Let G,H C Sp(W) be subgroups. Then (G, H) is called a dual reductive pair if 

• G is the centralizer of H in Sp(W), and vice versa. 

• The actions of G and H on W are completely reducible. 

Let 7Tvk i TTvi 1 ""V 2 be cuspidal automorphic representations of U(W),U(Vi) and U(V 2 ). Then 
the 6-correspondence gives us representations Q(nw) of U(V\ © V 2 ) and G(7ry 1 ) ® Q(nv 2 ) of 
f7(W) x U(W). 

Seesaw duality tells us that integrating a cusp form 0(fw) € ®{ttw) against a pair of cusp 
forms fv t and fy 2 is the same as integrating 9{f Vl ) and 9{fv 2 ) against f w . The first integral 
described is essentially our period integral, while the second is the triple-product integral. This 
can be succinctly described by the following commutative diagram: 



(5.1) 



r' 



TTyj (g) 7Ty 2 (g) 6(77^) 



■ 9(tT Vi ) (g) 6(7rv 2 



Here, T and T' denote <d lifts, V is our global period integral, and X is the triple product integral. 
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Recall that the Refined Gross-Prasad Conjecture relates V to J\ v V v , the product of integrals 
of local matrix coefficients. We know from various multiplicity-one results that: 

T » <E) V % 

r « ®x 

V 

where denotes equality up to a constant of proportionality. If we can compute the exact 
constants of proportionality, then this and diagram |5.1| will provide us with the constant of 
proportionality between V and Y[ v 'Pv ■ 

So how do we find these constants of proportionality? For T and T 1 , we need several incar- 
nations of the Rallis inner-product formula. For two of these Rallis inner-product formulae, we 
simply invoke results of Michael Harris. For the other, we will give a proof, which follows from 
Victor Tan's regularized Siegel-Weil Formula. For T, we use Ichino's work on the triple product 
integral. 

The first part of this chapter will be spent introducing both the local and global theta corre- 
spondences. For the local correspondence, we refer the reader to [10] and [15] . However, before 
discussing the O-correspondence, we'll give a brief overview of the Weil Representation, both 
globally and locally. 

5.1. The Weil Representation for Unitary Groups. As before, E/F is a quadratic exten- 
sion of number fields. Let V be a hermitian space over E of dimension m, and W a skew-hermitian 
space over E of dimension n. 

For brevity, we will treat the global and local Weil representation simultaneously. For an 
algebraic group G, where the same statements can be made globally and locally, and if there is 
no risk of confusion, we will not make reference to both G(F V ) and G(Ap), but only to G. 

We denote 

G := U(V) 
H := U(W) 

viewed as algebraic groups over F. We also consider the space 

W := Rcs E/F V® E W 

along with a complete polarization 

W = XffiY. 

Denote by (•, -)y and (•, -)w the hermitian and skew-hermitian forms for V and W respectively. 
We equip W with the following symplectic form: 

(•, -) w := tr E/F ({-, -) v ® (■, -) w ) . 

So, we consider the associated isometry group Sp(W), along with the metaplectic cover Sp(W). 
We have the following short exact sequence: 

1 -> C x -> 5p(W) -> Sp(W) -> 1. 

Now, after fixing a an additive character ip : A F /F — > C x (globally) or rp : F v — > C x (locally), 
we have a Schrodinger model of the Weil Representation of Sp(W) on <S(X), where S denotes 
the space of Schwartz-Bruhat functions. 

A priori, we have embeddings 

(5.2) i w ■ G =-> Sp(W) 

(5.3) l v :H <-+ Sp(W) 
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which induces a map 

L Wy :GxH^ Sp{W). 

Remark 5.2. While the maps tw and t>v are embedding s, the induced map i\y,v is never an 
embedding. 

In order to obtain a splitting homomorphism G x H — > Sp(W)(Ap), we need a pair of char- 
acters {"fv,Jw) °f A^/E x (or E v in the local case) such that 

7vIa* or F* = Xe/F 

7w\a*otf* = Xe/f 

where, as usual, the character xe/f is the quadratic character of Ap/F x or F v associated to 
E/F by class field theory. These characters give us splitting homormorphisms 

iw, lw ■ G -> Sp(W) 
t Vnv : H 5^(W) 

which then induces 

iWawV-iv : G x iJ — > 5p(W). 
With this splitting map, we can compose with uj^ to get a Weil representation of G x H 
realized on <S(X): 

For simplicity, we shall abide by a certain convention when choosing splitting characters. 
Globally, let 7 be a character of A^/E x such that 7| &x = Xe/f- When choosing jw and 
as above, we simply take ^ w := -f dimW and 7y = j dimV . We also follow the analogous local 
convention. 

Remark 5.3. The convention above does not lead to any real loss of generality, if we also 
consider twists of the theta-lifts by characters. 

5.2. The Local 9-Correspondence. For this section, we fix a place v of F and omit it from 
the notation, so that F — F v . As usual, E is a quadratic extension of F; in the case that v splits, 
we have E = F © F. Let Xe/f be the character associated to E/F by class field theory. In the 
split case, Xe/f is trivial. 

5.2.1. Howe Duality. Suppose that (G,G r ) is a dual reductive pair of unitary groups in some 
symplectic group Sp(W). After fixing the characters tp and 7 as described above, we obtain a 
Weil representation (w^. 7 ,5) of G x G'. Let ir be an irreducible admissible representation of G. 
We let S(tt) be the maximal quotient of S on which G acts as a multiple of tt. Then we have: 

S(n) = 7T® 6(tt) 

where Q(ir) is a representation of G' . We simply set 0(ir) = if tt does not occur as a quotient 
of <S. The Howe Duality Principle states: 

(1) 0(7r) is a finitely generated admissible representation of G' . 

(2) 0(7r) has a unique proper maximal G'-invariant subspace and a unique irreducible quo- 
tient 6(ir). 

(3) The correspondence 7r i— > 0(7r) gives a bijection between the irreducible admissible rep- 
resentations of G and G' that occur as quotients of S. 

The first assertion is known, due to [121 an d ES3- The last two assertions are known for v ^ 2, 
due to |35j . Furthermore, for u = 2, the second two assertions are easily checked in the low rank 
examples considered here. 
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5.3. The Global 0-Correspondence. Globally, the O-correspondence is realized using 0- 
series. For any ip g S(K(Ap)), we define the theta kernel as 

9{g,h^):= Y, 

AeX(F) 

If / is some cusp form on G(Ap), we define: 



(5.4) 6{f,y)(h):= / 0{g,h, V )f(g) dg 

J[G] 

where dg is the Tamagawa measure. 

With all of this, we can define the 0-lift of a cuspidal representation of G. 

Definition 5.4. Let it be a cuspidal automorphic representation ofG(Ap), then 

0V,W, 7w ,7„^(7r) = {6(f, y) ■ f e ir,ip e 5(X(A F ))} 

is the @-lift of it with data ("jWi 7Uj V0- 



Remark 5.5. The reader may balk at the definition given in line 5.4 By integrating f (instead 



of merely f) against the theta series, we ensure that n and Q(tt) have the same central characters. 

5.4. The Rallis Inner Product Formula. The goal of this section is to compute the constant 
of proportionality between T and FJ T v . This involves several versions of the Rallis Inner Product 
Formula, which relates the Petersson inner product of two vectors to that of their ©-lifts. We 
will need to use three different versions of the Rallis Inner Product formula, one for lifts from 
[7(1) to £7(2), one for lifts from [7(2) to [7(2), and one for lifts from {7(2) to [7(3). 

Before giving the Rallis Inner Product Formulae we shall need, we give a brief discussion of 
the doubling method. 

5.4.1. The Doubling Method. We remind the reader that V is a hermitian space over E of dimen- 
sion to, and W is a skew-hermitian space of dimension n. We will also consider the space V~ , 
which is the same space as V, but with hermitian form — (•, -)y. We note that U(V) = U(V~). 
The seesaw diagram relevant to this discussion is the following: 

(5.5) U{V@V~) U(W)xU(W) 




[7(F) x U(V~) U(W) A 

which we shall call the doubling seesaw. U(W) A simply denotes the diagonally embedded copy of 
U(W) in U(W) x U(W). We shall also occasionally use the shorthand G := U(V) = U(V~),H := 
U{W) and G° := U(V © V - ). 

The dual reductive pairs above live inside Sp(2W), where 

2W := W®W~ 

and W" := V~ ® B W. 

In order to have a Weil representation, we will have to fix splitting characters for each of the 
dual reductive pairs in the doubling seesaw. After choosing splitting characters for one of the 
diagonal segments above, the splitting characters will be fixed for the other diagonal segment. 
We shall choose splitting characters for the dual reductive pair (U(V) x U(V~), U(W) x U(W)). 

Note that this pair can be viewed as two dual reductive pairs: (U(V),U(W)) in Sp(W) 
and (U(V~), U(W)) in Sp(W~). Suppose that we choose splitting characters (yw,Jv) for 
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(U(V),U(W)) and ("fw,lv) for (U(V~), U(W)). With these choices made, we are forced to 
take (jwilvl'v) as our splitting characters for the dual reductive pair (U(V ® V~~),U(W) A )^ 

Suppose that tt and tt' are cuspidal, irreducible, automorphic representations of U (V) and 
U(V~), respectively. Let / £ tt and /' G tt' . With the splitting data (-fw,7v), {jWil'y) and the 
additive character ip, and Schwartz functions <j> and <f>' ', we can consider the 8-lifts 6{f,ip) and 
#(/', which are both cusp forms on [/(W). 

The Rallis Inner Product Formula computes the following ratio: 

</,/') 

where the pairings are the respective Petersson inner products, which are defined using the 
respective Tamagawa measures. However, the RHS of the Rallis Inner Product Formula will 
contain division by Y\ v {f Vl f' v )v Since we make the assumption that the global and local in- 
ner products are chosen compatibly, for our purposes the Rallis Inner Product Formula simply 
computes (9(f,ip),6(f',(p)} in terms of an L-value. 

Note that unless 9(f, tp) is in the contragredient of Q(tt), the Petersson pairing (9(f, (p), 9(f, ip)) 
will vanish. So, we see that tt and tt' cannot be chosen independently. 

What then, is the required relationship between tt and tt' to ensure the non-triviality of the 
inner product? We note that 

9(f,tf) e Bv,W,7w,7v,V>( 7r ) 

9{f,<p') € Q v - >w ^ w ^ til (Tf'). 
We have the following technical result: 
Lemma 5.6. 



Qv-.Wnwa'vA 11 ') = (ivl'v ° %(i) ° det[/ (W )) • @v,w, lw l7 v rtitiw ° ° det t/(v - ) ) • tt') 

where iu(i) * s ^ e inverse of the isomorphism ij/m : E x / F x U(l) C £' x given by e ^ , 
where t is the generator ofGal(E/F). 

Proof. We begin by considering the Weil representation u} v -,w,"/w,Y ,V> as a representation of 
U(V) x U(W). (A priori, it is a representation of L/(V~) x U(W). We are identifying U(V) with 
[/(V - ) via the identity map on GL(V).) We note that 

( iv 

— wv,w,7w,7v-,v>- 1 ® I l£/(V) ^ — ° iu(i) det (7 ( W /) 

- "v.wvtv 1 ^ 1 ,^- 1 ® (Tw Ml) ° det c/(V /-) ^7^7^ o i u{l) o det u{w) ) 
= uv,Wnwnv,il> ® (7w ° ° det^y-) ^7y7y o ^(i) o det V ( W )). 

There is a surjection 

- ,w,-yw n'v > ^ E Qy-,^!*'^,*^') 
and therefore, from the series of isomorphisms above, we have 

u v ,w,iw nv ;i> -» (7vk ° ° det[/(y-)) • tt' IE ((7y7^)~ 1 ° «c/(i) ° det [/(1 y)) • Q v - tWnwn > vt1 p(Tt') 
which immediately gives 



0Jv,w nw ,~f V ,4, -» (lw ° *c/(i) ° det^y-)) • tt' E (7^7^ o o detjy (l y)) ■ e v-,w, 7w ^>(T')- 



^This choice is 'forced' in the sense that seesaw duality does not hold otherwise. 
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The surjection above tells us that 

{iVl'v ° %(1) ° dettf(W)) • Qv-,W, lw ,-y' v ,i)(^') - ®V,W,~tw,~fv,4>(jW ° ° det £/( y-) -tt') 

and therefore 

0y-,w, 7 w,7^( 7r ') = (7v7y ° *t/(i) ° det u{w) ) ■ ®v,w, lw , lv ,-4>{{lw *c/(i) ° det [/(1/ - ) ) • tt'). 

□ 

Now, if e e C/(l) C E x , we observe that i^L(e) = e 2 , so that 7 W (e) = 7iv(i[/(i)(e 2 )) = 
7v^(*c/(i) ( e ))- This means that 

®v-,w,"/w,7' v ,i>( n ') = (7v7v ° iu(i) ° det [/ ( W /)) • Qv,w, lw nv ,4>((lw\u{i) ° detj/^-)) • tt'). 
So if we take 

tt' = (j w o det^y-)) • 7f 

then 

6>(/', y/) e (7u7u ° %(i) ° det[/( W )) • ©v.wVw/yv^C 71 ")- 
Therefore, the integral 

/ <p)(h)8(f, y'){h) ■ ((jvl'v)- 1 o ^(r) o de% (w) )(/i)d/i 

J[H*\ 

is the Petersson inner product of two vectors in 6y,w,7 W ,7v,j/>( 7r )- Seesaw duality is the statement 
that this integral is equal to 

(5.6) / f{gi)f'{92)0 v ® v >{{lviv) °iu{i) °det u{w) )(g 1 ,g 2 )dgidg 2 

J[GxG] 

where 

6<P®<p'{{lvl'v) ° iu(i) ° dett/(w)) € Sv©y-,w,7 W , 7 y7{,,v>(7F7v ° *£/(i) ° det (7 ( W / ) ). 

Since /' G 7r' = (7wHc/(i) • dety^-)) • 7r v , we can take /' = {jw\u(i) ■ det [/ (y-)) ■ / 2 for some 
/2 € 7r. (For consistency of notation, /j := /.) 

Now, the O-lift in the integral in line |5.6| can actually be identified with a certain Eisenstein 
series E($> s , g). More specifically, the integral above can be identified with 

(5-7) / fi(gi)f2(g2)E($ s ,(g ll g 2 )hw( det u(v-)g2)dg 1 dg2 

J[GxG] 

G° (A ) 

where <& s is a member of the degenerate principal series 

lnd p(A F ) VYW ° det) • | det | s , with P 
the Siegel parabolic that preserves the diagonal V A C V © V~ , the determinants are taken with 
respect to GL(V A ) (which is isomorphic to the Levi of P), and 

E(<S> s ,g):= 

i£P(I f )\G»(F) 

for g e G°. 

Definition 5.7. The Piatetski- Shapiro -Rallis zeta integral is defined as 

Z(s,fi,f 2 ,^s,7w) ■= / h{gi)h{g2)E(<5> s , i(gi, g 2 )),lw \ det u{v~-) gi)dg\dg 2 . 

J[GxG] 



38 



R. NEAL HARRIS 



We remark that the integral in line 5.7 is equal to Z(s, /i, Ji, ® s , 7w)- 

It is important to note that invoking seesaw duality requires one to deal with convergence of the 
relevant integrals. Unfortunately, these integrals do not always converge. Certain regularization 
methods are sometimes required to relate the Petersson inner product of the 0-lifts to the zeta 
integral. However, once this relationship between the Petersson inner product and zeta integral 
are established, there is a very nice result which relates Z to an L-function. Before giving this 
result, we need a bit more discussion. 

Recall that m := dim^ V and n := dim^ W. Set 



d m (s,7w) ■= JJ L(2s + m-r,\ 



n+r \ 
E/F> 



We assume that <I> S = ®„$ Sil) and fi — <%) v fi jV . We take S to be a sufficiently large finite set of 
places of F such that for all v ^ S, all relevant data is unramified, and the local vectors fi tV are 
normalized spherical vectors, with the additional property that (f\, v , f2,v)ir v — Let the d m ^ v 
be the local factors of d m . We have the following factorization of the zeta-integral (see [TU] as 
well as QI]): 

Theorem 5.8. For Re(s) >> 0, 

Z(s, h, f 2 ,®s,Jw) = Y[Z v (s,f ltV ,f 2 lw,v) 

V 

where 



Zv(s, fi,v, h,v,®8,v,'Yw,v) '■= / ^s,v((gvA))(^v{gv)fi,v,f2,v)- ! T v ("/ w 1 v detg v )dg v . 

JU(V)v 

We note that the integral defining the Z v in the theorem above only converges for Re(s) 
sufficiently large. The definition of the Z v is extended to all of C by meromorphic continuation. 

Now, if we set Z$ := Yives ^v, then we have the following so-called 'basic identity' (again, 
see [TO] and [TT]): 

Theorem 5.9 (Basic Identity). For fi, f 2 G tt, we have: 

Z(sJ 1 J 2 ,<P s ,lw) = [rfm(s,7w)] _1 Zs{s, fx, fc,<&s,1w) ■ L s (s + l/2,7r®7^). 

5.4.2. Lifting from U(l) to U(2). Here, dim^ = 1 and dimVK = 2. In this case, 7r is just a 
character, which we will denote by [i. In this section, we will not only consider 0v,w,7 IV ,7v,V'(a 1 )> 



but also its transfer to GU(2), a la Theorem 3.1 Denote this by 0(^t). We remind the reader 
that yw = 7 2 and 7v = 7 for some Hecke character 7 of extending xe/f, per our convention. 
The first incarnation of the Rallis Inner Product Formula that we will need is as follows: 

Theorem 5.10 (RIPF for 0-lifts from U(l) to U(2)). Suppose that fi = 8) v fi, v ,(pi = ^vfi,v,^s = 
® v $s, v , and that $ is a holomorphic section given by [6(ipi, ip 2 )] i n the notation of [25], page 
182. Then: 

(0(fi,<pi),0(f 2 ,tp2))e<ji) = 2 • L E(l,BCM®>y*) ^ ^ 

Cf(2) 

where 

Cf„(2) 



*We remind the reader that the local pairings (■, ■) 7Tv are chosen so that the product over all places v gives the 
Petersson inner product 
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Proof. First, we remark that the presence of complex conjugation bars over the /j is due to 
our normalization of the theta-correspondence. In line 6.4.8 on page 710 of [9], Harris has the 
following: 

(5.8) (0{K^i),e(h^2)) m = ^ (1 c |^ (M)) II W2,/W2,,,<Ei/ 2 ,,) 

Using Remark 4.20 of [15], we have 

{e{h, Vl ),e{h,ip 2 )) @m = meim- 1 ^ 1 ; 13 ,^ n z l(iA/i,,/2^ lft ») 

Cf(2) 

where X(Q(jl)) is the set of automorphic characters u> of GU(2)(A F ) /U(2)(Ap) such that Q(jl)<E) 

u = &{fl). We note that \X{Q(fi))\ = 2. 

Now, this appears different from the claimed result for a simple (albeit subtle) reason: Harris 
has used a particular normalization of the theta correspondence that is slightly different from 
ours. When choosing a pair of splitting characters (jViJw), he chooses to be the trivial 
character. However, there is no real loss of generality here, since we can merely replace fj, with 
A* ® l\u(i) an d then follow Harris' conventions. □ 

5.4.3. Lifting from U(2) to U(2). Here, dimVF = dimU = 2. With a sufficiently large set of 
places S, and the same assumptions made for v ^ S as in the previous section, the Rallis Inner 
Product Formula is stated in line 1.3.5 of |14j . Once again, the presence of complex conjugation 
bars in the result below is due to our normalization of the theta-correspondcncc. 

Theorem 5.11 (RIPF for lifts from U(2) to U{2)). Suppose that ft = ® v fi <v ,(pi = ^vfi^t ®s = 
®v&s,v7 and that $ is a holomorphic section given by [S(ipi, ^2)} in the notation of |25j . page 
182. Then we have 

^F(t,XE/F)C,F{2) 

where 

L Fv (l, X E v /F v )tF v m 7 



zi 



L Ev (l/2,n v ^>^) 



5.4.4. Lifting from U{2) to U(3). We have dim^ V = 2 and dim^ W — 3. If W is anisotropic, 
then [H] is compact, and the Rallis Inner Product Formula we need follows from a Siegel-Weil 
Formula (Theorem 1.1 in [IB]). However, if W is not anisotropic (so that H(Ap) is quasi-split), 
the theta integral in the Siegel-Weil formula does not converge. In this case, the Rallis Inner 
Product Formula follows from Tan's Regularized Siegel-Weil formula. What follows is a brief 
summary of |31| . We encourage the interested reader to consult Tan's paper for further details. 

We again have occasion to consider the following degenerate principal series representation of 
G <> (A F ): 

J( S)7 ) -Ind^VlHILodet 
where we remind that reader that P is the parabolic preserving the diagonal 

V A := {(v,v) :v eV} CV ®V. 
Given $ s G I(s,j), we define the Siegel-Eisenstein series 

£(g,<S> s ):= < M £ -9)- 

eeP(F)\G<>(F) 
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There is a maximal compact subgroup K C G°(A F ) such that we have the decomposition: 

G°(A F ) = P(A F )K. 

We call $ s a standard section if its restriction to K is independent of s. For a standard section $ s , 
the Siegel-Eisenstein series £(g, $ s ) converges for Re(s) > 1, and has a meromorphic continuation 
to C. Furthermore, for each seC where it is holomorphic, £ (<?, $ s ) is an automorphic form on 
G°(A F ). We take $ s to be a standard section in the sequel. 

The Eisenstein series £ (g, <3? s ) has at worst a simple pole at s = 1/2. So we write its Laurent 
expansion as: 

g(g,$.) = A - 1 _ {9 y l ) +A (g,^ + ... 

Before defining the theta integral, we remind the reader of the setup for the Weil representation. 
We have 

W := Res F/F 2V ® E W 

where we remind the reader that 2V := V © V~ . We set 

V v := {(«, -v) : v £ V} C V © V~ . 

Having fixed the characters ip and 7, we have a Schrodinger model of the Weil representation of 
G°(A jF ) x H(A F ) realized on S((V V ® W)(A F )). 
Now, if we fix polarizations 

V = X+ © Y+ 
V- = X-®Y" 

and denote 

X := 

y := Y+ ®Y- 
then we obtain another polarization of W. We have: 

2V = X@Y 

and therefore 

W= (X ®W)®(Y ®W). 

We denote 

X := X®W 
X+ := X+®W 
X- := X~ ® W. 
There is a U(V)(A F ) x [7(V" _ )(Ai?)-intertwining map 

a : 5(X+(A F )) ® 5(X"(A F )) -> 5(X(A F )) -> 5((t/ v ® VF)(A F )) 

where the first map is the obvious one, and the second map is given by a Fourier transform. 
We now define the theta integral as follows: 



i(g,<p) ■= [ %,/wh~ 2 (dctfe) dh 

J\H] 



l[H] 

where ip G S{V V ® W)(A F )),ge G°(A F ), and dh is the Tama gawa measure on H(A F ). 

For g £ G°(A F ), we have g = pk, with p £ P(A F ), and k £ K. With the right choice of basis, 

wc have p = ( ^ t __ 1 \ for some a £ GL 2 {Ae)- Write \a(g)\ := \ deta|A E - If W is anisotropic, 
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and $ s is chosen such that 3> s (<?) = l a (fl , )| s_1/ ' 2a; V: 7(5)^(0), then £(g, $ s ) is holomorphic at 
s = 1/2, and the theta integral defined above converges. Indeed, Theorem 1.1 of [16] says that 

£(9,^1/2) = Hg,f)- 

However, as mentioned above, if H(A F ) is quasi-split (i.e. W is not anisotropic), the theta 
integral does not necessarily converge. We'll have to 'regularize' it so that we can think of it as 
a meromorphic function of a complex variable. The Regularized Siegel-Weil Formula relates the 
Laurent expansions of this yet-to-be-defined regularized theta integral and the Siegel Eisenstein 
series. 

Let v be an odd place of F such that all relevant data is unramified. Tan finds a Hecke 
operator z in the Hecke algebra of G* that is used in the definition of the regularized theta 
integral. 

We also need an auxiliary Eisenstein series. Let Bh be a Borel subgroup of H . Then we have 

B H = M H N H 

where Mh is the Levi component of Bh, and Nh is the unipotent radical. We know that 
Mff(Ap) = A£ x A^' 1 . For s € C, let /i s be the character of Mh(A f ) defined by fj, s (x,u) := 
\\x\\ s A . We extend /j, s to all of Bh by triviality on Nh- We consider the induced representation 

I A ™(s) :=Indf„/x s . 

Let Kh C H by a maximal compact subgroup such that H = BhKh- Let $ Aux g I Aux (s) be 
the normalized K //-fixed vector (i.e. $ Aux (k) = 1 for all k € Kh)- Then the auxiliary Eisenstein 
series we need is defined by 

E(h,<f> Aux ) := Yl §i ux {eh). 

eeB H (F)\H(F) 

It is known that E(h, &f ux ) converges for Re(s) sufficiently large, and has meromorphic contin- 
uation to all of C. Furthermore, E(h, & Aux ) has a simple pole at s = 1 which is independent of 
h; we denote this residue by 

k := Res E(h,<f>f ux ). 

s—l 

We now define a new theta integral which incorporates both the auxiliary Eisenstein series and 
Hecke operator: 

I(g,s,u)^ t y(z)(p) := / 9{g,h,uj i ,^(z)ip)E{h,^ Aux )j- 2 (deth) dh. 

J[H] 

With all of this in place, we can define the regularized theta integral. The only modification from 
the theta integral above is that we multiply by an appropriate factor to cancel the effect of the 
Hecke operator. 

Definition 5.12. For g e G°(A F ),s e C, and ip e S{V V ® W)(A F )), the regularized theta 
integral is given by 

I{9 ^ ] — m — 

where 

P z (s) ■= q F + q F s - q F - q F l ■ 

The observant reader will notice that this definition differs by a constant from the definition given 
by Tan in [31] . 



42 



ft. NEAL HARRIS 



The regularized integral T{g, s, tp) has a double pole at s = 1; so we write the Laurent expansion 

as 

ti \ B -2(fl'> < P) , B -i{9,v) , o / \ j 

s, ¥>) = -7 tt^- + — + -B (p, ¥>) + •• • 

(s — 1) s — 1 

where the Bi(g,tp) are automorphic forms on G°(Ap). 

In order to prove the version of the Rallis Inner Product Formula that we'll use later, we 

need a result of Tan which relates the second terms in the Laurent expansions of T(g, s, f) and 

Theorem 5.13 (Second term identity). Suppose that § s (k) = (cj(fc)(^)(0) /or all k E K Then 

2-A (g,®) = B_ 1 (g, l p) + *(g) 
where \& is an automorphic form on G (Ap) which satisfies 



fi(9i) f 2(92)^ (1^(91, g2))dgidg 2 = 

[GxG] 

/or cusp forms /j on G(Ap). 

Proof. This follows from Theorem 1.2 and Proposition 5.1.1 in [31], as well as Lemma 4.9 in [32] . 
Note that our renormalization in the definition of the regularized theta integral eliminates the 
need for the constant c found in [31] , □ 

Remark 5.14. Instead of using the Tamagawa measure on H to define the theta integral (and 
regularized theta integral), Tan uses the measure which gives [H] volume 1. However, he also 
takes c = ~. Since we are using the Tamagawa measure - which gives [H] volume 2 - and we 
have renormalized the regularized theta integral by i the theorem above is correct. 

We are now equipped to state and prove the Rallis Inner Product Formula. 

Theorem 5.15 (Rallis Inner Product Formula). Let n be an irreducible, cuspidal, automorphic 
representation of G(Ap). Let f\,f 2 € 7r. Let tpi G S(\ + (Ap)) and (p 2 € <S(X - (Ai?)). Let 
0{fi,<fi) and 0(f 2 ,ip 2 ) be the theta-lifts of f\ and f 2 to H{Ap), and suppose these lifts are 
cuspidal. ( Once again, we have included complex conjugation here to compensate for our different 
normalization of the theta correspondence.) Set if := o~{(p% 8)^2), and let <$> s £ I(s,"f) be such 
that <fr s (k) — (u)(k)<p)(0) for all k G K . Then the following equality holds: 

Cf(2)L f (3,xe/f) V 

where 

v - l Ev (i,bc(k v )®^) 

Proof. We begin with the argument in the case that W is not anisotropic. In this case we require 
the regularized Siegel-Weil formula. 

We have the following equalities from the definitions of / and T given above: 



(*):=Res / f 1 {gi)f 2 {g 2 )l(L(g 1 ,g 2 ),s,(p)dg 1 dg 2 

JlGxG] 



V2 

I [GxG] 

—— r^Res / fi(gi)f 2 (g 2 )I(g,s,uj^^(z)ip)dgidg 2 
kP z (s) s=i J [GxG] 

d 1 x Res / fi{gi)f 2 {g 2 ) j 9(L{g 1 ,g 2 ),h,uj i , n (z)if) 
nP z (s) s=i J [GxG] J [h] 

xE(h, ^f ux )j~ 2 (det h)dhd gi dg 2 . 
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By Corollary 2.3.2 in [31 ], 8(t,( gi ,g 2 ),h ,Wii) t ^(z)tp) is rapidly decreasing on [H], and we may 
change the order of integration, so that we have 

1 

kP z (s) s=i J [h] J [GxG] 



(*) = zTd r„\ R(i ? I I fi(9i)f2(g2)0(i{gi,g2),h,uj il , n (z)(p) 



xE(h,$f ux )j- 2 {deth) d gi dg 2 dh. 

Now, there is a Hecke operator z' in H v (for some place v of F) corresponding to z such that 
u>^ t -y(z) and w^, j7 (z') have the same action on (p. (See section 2.2 of [31] for details.) So we have 

(*) = J", r ites / / f 1 (g 1 )f 2 (g 2 )6(L(g 1 ,g 2 ),h,uJ 4 , n (z , )Lp) 
kP z (s) s=i J [H] J [GxG] 

xE(h,^f ux )-f- 2 {deth) d 9l dg 2 dh. 

We have 

&(t'(9i,92),h,LJ^ >1 (z')ip) = / z'{h v )6(L(g 1 ,g 2 ),hh v ,ip)dh v . 

By plugging this in to the previous equation for (*) and making a change of variables, we have 

1 



(*) = -5-nBes / h(9i)f2(ff2)e(t(gi,g 2 ),h, i p) 1 -'(deth) 
nP z (s) s=i J [H] J [GxG] 

x / z 1 (h v )E(hh-\ ux )- 1 2 (det h v )dh v d gi dg 2 dh. 

But since 

/ z'(h v )E(hh-\$£ ux h 2 (deth v )dh v = P z (s)E(h,$f ux ) 
(see the top of page 351 of [51] ) we have 

(*)= 1 Res/' / / 1 ( 5l )i^^( 3l , ff2 ),/ 1 ,^)i?(/ i ,<i>^)7~ 2 (det/ i )d 5l d 52 d/ l . 

K s=1 J [if] J[GxG] 

Now we use a Poisson summation formula 

6(t(gi,g2),h,ip) = e{g 1 ,h,ipi)e{g 2 ,h,Tpi)-f~ 2 {deth) 

to obtain 

(*) = -Res f 6{h,vi){h)6{f 2 ^2)(h)E(h, $f ux )dh. 

K 3=1 J[H] 

Then, since n := Res E(h, <&f ux ), we see that 

s — 1 

(*) = («(/ 1) p 1 ) 1 S(/2,92))e W . 
Now, returning to the definition of (*), we see that 



fi(gi)f2(g2)B^ 1 (L(g 1 ,g 2 ) 1 ip)dg 1 dg 2 

[GxG] 



and by Theorem |5.13| we have 



(*) = 2 / / 1 ( 5l )/ 2 ( 52 )Ao(t(3i,3 2 ),4 , )d5i^2 

'[GxG] 



/i (.9i ) /2 (92 ) * (i (ffi , 52 ) ^52 

[GxG] 



= 2 / /i(si)/ 2 (02)4)Mffi,ff2),$)d0id02- 

'[GxG] 
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Finally, Lemma 4.7 and line 4.8 of gives that the integral above is just Z(l/2, fi, /2, $1/2, 7 3 )- 
Therefore, after applying the basic identity, we are done. 

If W is anisotropic (so that [H] is compact), then the proof is much simpler; there is no need to 
regularize the Siegel-Weil formula in this case. The result follows from Theorem 1.1 of [TBJ- □ 

6. A LOCAL SEESAW IDENTITY 

Everything in this chapter is local in nature, though we omit v from the notation. Whenever 
we refer to a group in this chapter, we really mean the F v points of the underlying algebraic 
group. 

The purpose of this chapter is to provide an identity between the local integrals V v considered 
in Conjecture |1.3| and the J v from Ichino's triple product formula. The seesaw diagram which 
motivates the identity is: 

U{V®L) U{W)xU(W) 




U{V) x U(L) U(W) 

Here, V is a two-dimensional hermitian space, W is two-dimensional skew-hermitian spaces, and 
L is a one-dimensional hermitian space. 

We fix representations for the groups on the 'bottom row' of the seesaw. That is, let 71", fi, 
and a be irreducible, cuspidal representations of U(V),U(L), and U(W), respectively. After 
fixing the appropriate splitting characters (which we suppress, for now), we also consider the 
Weil representation u) of U(V ® L) x U(W). 

Let En, Bp, Be and B u be pairings for the relevant representation. Inspired by the analogous 
global seesaw duality property, one hopes to consider matrix coefficients for tr, 7r, /x, and oj. Then, 
by showing that the integral 

/ B^{g)U, MB^(t)U, U)B a (a(h)f a , f„) 

JU{V)xU(L)xU(W) 

B u (u({g,£)h)f u ,f u ) dgdidh 

converges absolutely, once can use Fubini's theorem to arrive at a local seesaw identity. On 
one side of this hypothetical local seesaw identity would be an integral of matrix coefficients for 
0(a), tt, and /i, and on the other would be an integral of matrix coefficients for a, 0(7r), and 
9(/i). Alas, the convergence of the integral above does not hold. However, all is not lost. By 
ignoring /1 and U(L), and integrating only over U(V) x U(W), we obtain a convergent integral. 

Proposition 6.1. Suppose that it and a are tempered. Then the integral 

/ SttMsO/tt, h)B a {(j{h)f <J1 f a )B L0 {uj(g : Kjf^J^dgdh 

JU(V)xU(W) 

converges absolutely. 

Proof. First, we suppose that E is a quadratic field extension of F. We also suppose that neither 
V nor W is anisotropic. We recall that we have Cartan decompositions 

U(V) = K V M+K V 
U(W) = K W M+K W 

where in this case we have 

M+=M+={xeE x : \x\ < 1}. 
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Following the proof of Proposition 2.1 we see that the integral above is reduced to the convergence 
of 

^i(mi)^ 2 (m 2 )B v (n(mt)U, f„)B a (a(m 2 )f a , fa)B u (uj(mi,m 2 )f u , fu 1 )dm 1 dm 2 



(j,i(m) := Vo\(K v mK v )/Vo\(K v ) 



where 



for to G MtT, and 



/x 2 (m) := Vo\(K w mK w )/Vo\(K w ) 

for m G Myy We know that |/zi(mi)| < Ai|toi| _1 and |/-i 2 (m 2 )| < ^2 1'^2 1 1 , where Ai,A 2 are 
positive constants. Furthermore, since 7r and a are tempered, we know that 

and 

|S CT (7r(m 2 )/ CT ,/ CT )| < C 2 |m 2 | 1 / 2 (l-log|™ 2 |)'' 2 

where the Cj and are positive constants. 
For any x G i? x , we set 

T(x) := mm(l, la;]" 1 ). 

We recall that for <j), <fi' G S(E), there is some C > such that for any a € E x we have 



4>{ax)4>' {x)dx 



< C-T(a). 



Realizing on 5(T^ © L), we write a; 



£ y®L with x 2 G L, (xi, x 3 ) G V, and note that 



{(xi, 0)}, {(0, X3)} C are isotropic lines. Then we have 



u)(mi, m 2 )$ 



= 7(mi)|mi| 3/2 $ 



m\m 2 x\ 

mix 2 
m\m 2 xz 



So, we see that there is a positive constant C such that for all m\ G My and m 2 G M^- we have 
|B w (w(mi,m 2 ))/ w ,/a;| < C|mi| 3/2 T(77iim 2 ' 1 )T(TOi)T(mim 2 _ ). 

Note that for |mi|, |m 2 | < 1, we have T(mi) = T(mim 2 ) = 1. 
So, we are reduced to checking the convergence of 

/ |mi| • |m 2 r 1/2 • T(mim 2 " 1 )(l -log|mi|) ri (l -log|m 2 |) r2 d x mid x TO 2 . 

J| mi |,|m 2 |<l 

When |toi| > |m 2 |, the integrand is 

|m 2 | 1 / 2 (l-log|m 1 |r(l-log|m 2 |)'' 2 
which is bounded above by, say 

Kr^r^a - log Kirui - log kip. 

When \mi\ < \m 2 \, the integrand is 

|mi| • |m 2 |- 1 / 2 (l - \og\ mi \yi(l - log |m 2 |p 
which is also bounded above by 

M 1 / 4 !™,! 1 ^!- log K|) ri (l - log \m 2 \p. 
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The convergence of 

|mi| 1/4 |m 2 | 1/4 (l - log K|) ri (l - log \m 2 \) r2 d x m 1 d x m 2 . 

'|mi|,|m 2 |<l 

follows from Lemma l2~2l 

Now we suppose that W is anisotropic, but V is not. In that case, we need only check the 
convergence of 

/ \m 1 \(l-log\m 1 \pd x m 1 , 

J\mi\<l 

which follows from Lemma [2~2l 

If V is anisotropic, but W is not, then we are reduced to checking the convergence of 



/ 

J\rr 



|m 2 | 1 / 2 (l-log|m 2 |pd x m 2 , 

'|m 2 |<l 

which also follows from Lemma [2721 

If both V and W are anisotropic, then there is nothing to check. 

We now assume that E — F x F. In this case, we recall that both U(V) and U(W) are 
isomorphic to GL 2 (F). With the right choice of bases, we have 

M+ = M+={d^g(x,y):\x\<\y\}. 



The proof in this case requires us to check many cases. Before we can make use of Lemma 2.2 
we note that because both tt and a are tempered, we have constants A, A' > such that 

|V2|„„|-1/ 2 



where g 



91 



'12 



€ My and h 



B*{n{g)UJn)\ < A-\gi\''-\g 2 \ 
B a (<?(h)f„J„)\ < A 1 ■\h 1 \ l ' 2 \h 2 \- 1 / 2 
hi 



€ Mjy- Recall that 



Mi ( 5 ) = Vol(K v gK v )/Vo\(K v ) 
fi 2 (2) = Yo\{K w hK w )Yo\{K w ) 
and that we have constants B, B' > such that 

Ms)l < s-lsiP 1 ^! 

\lMt(h)\ < B''\hi\- 1 \h 3 \. 
Realizing ui on 5(M 2i3 (F)), we have 

g^hixi 5f 1 x 2 gi 1 h 2 x 3 



u(g,h)<f> 



( 


X\ 


x 2 


X3 


) 




Xi 


x 5 


X 6 _ 





det( ff )- 3 / 2 det(/i)0 



g 2 h%X4 g 2 X5 g 2 1 h 2 x 3 



So, combining the various bounds mentioned above, we see that the integral whose convergence 
wc must check is 



I 



Ifll|<lff2|,|fel|<|fc 2 | 



, i«fei- i i^i i/a ift 2 i 8/a (i-x; io 8ifti) r ( i -E io si A < 



T(/i lff r 1 )T(^ 1 .g 2 - 1 )T(/i 2ff r 1 )T(/ l2 .g 2 - 1 )T(.gr 1 )T(. 92 - 1 ) 
d x gxd* g 2 d x hxd* h 2 

where r, s > 0. We will cut the region of integration into thirty regions, and verify the convergence 
of the integral in each of these regions. The convergence of the integral above follows from cutting 
the region of integration into thirty regions (one for each comparative order of gx,g 2 ,hi, h 2 and 
1), and applying Lemma 2.2 in each case. We omit the details. □ 
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Remark 6.2. It is actually not necessary here to assume that n and a are tempered. Indeed, if 
we merely assume that it and a are local components of some global cuspidal representations, then 
the Ramanujan bounds on matrix coefficients for GL(2) are sufficient to prove that the integral 
in question converges absolutely. We refer the reader to [21j and |22| for the bounds in question, 
as well as [1] for a similar argument. 

Having settled the issue of convergence, our local seesaw identity follows from Fubini's theorem. 
In addition to the pairings already discussed, we consider pairings Bq^^Bq^, and B®/^ which 
are 'inherited' from the pairings B a , B^ , B ^ , B u and the local theta-correspondence. For r = 
(j,, 7T, cr, we have surjective maps 

uj -> t m e(r) 

(defined up to scaling) where 0(r) is the 'big' theta-lift from the previous chapter. This induces 
a map 

8 : r v ®lu -> 8(r). 

Note that for the r considered above, we have r v = f since r is unitary. Now, we set 
^(^(©(/i^i),©^,^)) : = / B f _ l (p(z)f 1 J 2 )B UJ (uj(z)ip 1 ,ip2)dz 

JU(L) 

Be(n){®(fi,<Pi),®{f2,<P2)) := / B w (ir(g)f 1 ,f 2 )B u (u}(g)ip 1 ,ip 2 )dg 

JU(V) 

Be{ ff )(e(/i^i),e(/ 2 , V2 )) := / B a (a(h)f 1 ,f 2 )B u {uj(h)<p 1 ,<p 2 )dh 

Ju(w) 

where € \x, it or cr, respectively, and (p, E u>. 

We emphasize that the pairings above are defined on the 'big' theta-lifts. In order to make use 
of the following theorem, some work is required to show that these pairings descend to pairings 
on the 'small theta-lifts. This will be addressed in the following chapter. 

Theorem 6.3. Let Zw C U(W) denote the center. We let ujw,v<$l denote the Weil represen- 
tation of U(W) x U{V ® L). For if = ipy S3 € ojw,v®l — %,y <8> ojw.l, and with the pairings 
as above, we have 

f B eM (e(a)(g)Q(U,cp), 9(/ CT , <p))BMg)f„,U)dg 

JU(V) 

= f B @M (@(TT)(h)e(f„,ip v ), <pv))Beo.)(Q(M)(hMU,<PL), Q(U^l)) 

JZ W \U(W) 

B a (a{h)f a ,f a )dh. 
Here, the vector f^ <= fi is chosen such that B tl (f fJ- , f^) = 1. 
Proof. We start with 

/ B n {ir(g)f^, f 7T )B l7 (a(h)f lT , f a )B u {u(g, h)tp, ip)dgdh. 

JU(V)xU(W) 

By Proposition |6T] we may view the integral above as an iterated integral. By first integrating 
out the U(W) variable, we have that the above is equal to 

/ B @(a} (Q(a)(g)Q(f a ,<p), 6(/ CT , <p))B v (n(g)f„,U)dg. 

JU(V) 

Before we proceed to integrate the U(V) variable, we remind the reader that ojw,v®l — 
ojw.v ® ^>w,l- Using this decomposition, we see that the pairing B^ can be written as the 
product B u .y ■ B U . L . 
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If we instead integrate out the U(V) variable, we obtain 



#e(7r)(Q(7r)WQ(/7r, tfv), ©(/tt, ipv))B a {a{h)f a , f a )B u , L (u(h)(p L ,tp L )dh, 

<U(W) 

which we rewrite as 

B e(w) (Q(w)(h)Q(f n , <pv)MU,<Pv))B a (°(h)U,U) 

Z W \U(W) 

I uj 7I (z)uj^ 1 (z)B UJiL (uj(zh)ip L ,cp L )dz dh. 

J Z\v 

Noting that lu^lu^ 1 = fi , we see that this is equal to 

JZ W \U(W) 



Li(z)B u , L (L}(zh)tp L ,ip L )dz dh. 

z w 

Finally, we see that the inner integral gives the pairing Bq^) on 0(/i). This completes the 
proof. □ 

7. The Refined Gross-Prasad Conjecture for U{2) x U(3) 



With everything that we've developed so far, we can now prove Conjecture |1.3| for n = 2, 
provided that 7r„ + i = 0(a), where a is a cuspidal, irreducible automorphic representation of 
J7(2). (The theta-lift is 0(a) because of our normalization of the theta correspondence, and the 
fact that the seesaw identities we use do not involve complex conjugation.) We will employ the 
various Rallis inner product formulae developed in Chapter [5] as well as Ichino's triple product 
formula from Chapter [4j 

7.1. The Setup. We remind the reader of the following seesaw diagram: 
(7.1) U{V®L) U(W)xU(W) 




U{V) x U(L) U(W) 



Here, V is a 2-dimensional hermitian space over E/F, W is a 2 dimensional skew-hermitian 
space over E/F, and L is a hermitian line over E/F, Using the theory of 0-correspondence and 



seesaw duality, we will relate the period integral in Conjecture 1.3 (with n = 2) to the so-called 
triple product integral considered by Ichino in |17j . 
We fix the following: 

• 7r is an irreducible, cuspidal, tempered, automorphic representation of 
U{V)(A F ). 

• o is an irreducible, cuspidal, tempered, automorphic representation of 
U{W)(A F ). 

• /i := uia-Lu^ 1 is an automorphic character of U(L)(A F ), where to a and are the central 
characters of a and 7r, respectively. 

• (ll>tp,S) is a Weil representation of Sp(W)(Ap). (See Chapter [i] for notation.) 

We also fix local pairings B^ v , B av , S Mu such that J\ v B^ v , J\ v B„ v and J\ v B^ give the respective 
Petersson inner products on the global representation. 

After fixing splitting data (jVilLilw) as in Chapter[5j we consider 0(ff) := Qv.w-y w ,-y v ,ip{^) 
on U(W)(A F ), 0(a) := &w,V®L, 1v il,iw,^{ & ) on U(V ® L)(A F ), and 0(/2) := @L,w-y w ,'yL,4>(P>) 
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on U(W)(Ap). We take 7w,7v = 7 2 and 7^ = 7, where 7 is a character of Ag/E x such that 
7Ia x = Xe/f- We assume that these ©-lifts are cuspidal. 

By using Ichino's triple product formula from Chapter |4j the various Rallis Inner Product 
formulae from Chapter [5] the explicit local seesaw identity from Chapter [6j and some L-function 
identities in the appendix, we can establish the Refined Gross-Prasad Conjecture for n = 2 with 
tx-2 = 7r and 7T3 = 8(cr): 

Theorem 7.1. Let n,7t,a and 0(a) be as above. Let fs(a) G 0(5') and f n £ n be cusp forms 
such that /e(CT) = ®vf@(v) v and f v = <S> V U V . Then 

v(f f s_ A G3 L E (l/2,BC(Q(a))®BC(n)) yr 

I Ue { *),U) - . | 5 ^| iF(lj e (s))Ad)iji ,(i }7r)Ad) ll^Ue^„,AJ- 

Here, ^0(5-) andip^ are the 'L -parameters' for 0(a) and 7rQ and 5^ e(ff) and are the associated 
component groups. 

The proof of the above will occupy the rest of this chapter. 



Remark 7.2. By Remark \6.2\ we note that assuming that tt and a are tempered is not necessary. 
The only place where temperedness was necessary was in proving Proposition \ 6.1\ Using the 
Ramanujan bounds from |21) and |22) obviates this assumption. 



7.2. Proof of Theorem 7.1 The proof of Theorem 7.1 involves using both a global and local 
seesaw identity, as well as all of the various Rallis Inner Product Formulae. 
The first global seesaw identity that we need is 

(7.2) V'oT{=loTi 

where the maps are defined as follows: 

T{ : (K M %) ® {y» H %) ® (V a B V a ) <g> (S M S) ->■ (K H %) <g> (V^ M %) ® B Vfc(ff)) 

is the map induced by the global theta integral for a. Similarly, 

T 2 ' : (14 H t4) (8 (V^ H F M ) ® (K Kl K) ® -> (F e(#) El <8> (Vfe^ H Vfe(«) ® (K H K) 

is the map induced by the global theta integrals for tt and Also, the global period 
V : (V e[s) B Ve(ff)) ® (Kr B V;) (8) (V^ K7 M )^C 

is defined by 



P'ifewJewfv'f'n'fu'f't*) := / fe(a)((9i,ff2))fw(gx)f^(92)dgidg 2 

J[U(V)xU(L)] 



f' e( A{9i,92))f^{gi)f' tl {g2)dgidg 2 . 

[U(V)xU(L)] 

Here, we view (51,52) € C/(V0L) via the natural embedding t7(V) x U(L) [/(VffiL). Finally, 
we consider the map 

1 : (V em B Ve (ff) ) ® (Ve( P ) B Ve(A)) ® (^ B K) ^ C 

which is given by 



^(fe(w)>fem}fe(fi})fe(n))f<T,f'a-) '■- / fe(^)(g)fe(p,)(g)fa(g)dg 

J[U(W)] 



f e( Ag)f e(u) {g)f'a{g) d g 

[U(W)\ 



^We remark that this makes sense in this case, in light of the work of Rogawski in |27l . 
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and is closely related to Ichino's triple product integral. 
We follow the convention of Chapter [I] and set 

T 3 U ©(o\); /m ffi) '■— V (/e(ff)j /e(a), /tt; /tt, //i)- 

We follow a similar convention for X and set 

^(/e(7f)> /e(p): /<t) : = ^(/e(7f)j /e($r)? /e(/z)> /e(p); /o-j /<r) 

We note that "P' is not quite the period integral in Theorem 
by a constant. Indeed, if we denote by P the LHS of Theorem 

Lemma 7.3. 

Proof. We see that by the change of variables g\ n- 51(72 we have 

fe(<j)((9i,g2))fn{gi)n(g2)dg 1 dg 2 



J_l 

7.1 



however, the two are related 
then we have the following: 



[U(V)xU{L)\ 

fe{v){{9i92,9%))U{9m)v.{g%)dgidg-j t . 

[U(V)xU{L)\ 

Note that 0(a) has central character wq^j = w^, , = w^ 1 . So, after observing that (527.92) is 
in the center of U(V © L) and 52 is in the center of U(V), we have 

fe {s ) ( (51 52 , 32 ) ) /*• (51 52 ) M (32 ) d5i dg 2 

[U(V)xU(L)] 

^e(a)(g2)^7r{g2)fJ-(g2)f0(s)\u(V)(gi)U(gi)dg 1 dg 2 

[U(V)xU(L)\ 

fe(<t)\u(v)(gi)fw(gi)dgidg 2 

[U(V)xU(L)] 



Vol([U(L)}) / fe(*)\u(v)(9)U(9)dg 

J[U{V)\ 



2 / fe(s)\u(v)(g)U(g)dg. 

J[U(V)] 



□ 



With this, we can restate our global seesaw identity as 
(7.3) 4-?oTi-Ior 2 
where 

71 : (K IS Kr) ® (K IS K) (K H V n ) ® (Ve(*) B Ve( ff )) 

is the map induced by the global theta-lift of cr. More explicitly, we have 

H / ff , 2 ) <8> (/<x,i H / ff , 2 ) H (pi H 3 ) ^ (/^ H / ff , 2 ) ® (Q(U,i,^) M 0(/ CT>2 , 2 )). 

Here, is the global theta integral. Also, 

T 2 : (K HI K-) ® (K H ®(5H5H (^ew H Ve W ) <8 (Veoo B Vq(p)) ® (K B 

is the map induced from T 2 by fixing the argument fx ® ft € Kl V^. Here, we use the canonical 
decomposition = £§)//„, where the /x„ are characters of U(L) V . 

We define the corresponding local maps analogously by fixing decompositions 0(<r) = ® v 6 v (a v ), 
6(7f) = (g)„0„(7f„), and 0(/2) = ® v S v {ftv)- Globally, we have: 

6 : S®cr -> 0(a), 
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and locally we have: 

9 V : S v ® a v -> 9{a v ). 

(Of course, the definitions for it and /j, are analogous.) With these, we see that 77 = ® v %, v - 
Before proceeding, we note that 0(/i) is dihedral with respect to E/F. Indeed, we have 



5C(9(/i)) = 77(7 1 BC(fi),j), the principal series representation of GL 2 (Ae)- By Corollary 4.7 
and line 17.31 we have 



(7 A) V T ( f (2) 2 L f (1, X e/f) 3 

{ ■ ] 0/1 8-|X(e(7f))|.|X(a)|.|X(6(M))| 

L e {1/2,BC{Q{k))MBC{*)M 1 - 1 ) n 
Lir(l,e(fr),Ad)L F (l,a,Ad)L F (l,e(M),Ad) -Li ° 2 '" 

where the X v are defined with suitably chosen local pairings as in Chapter [4j 

The next step in the argument is to use the Rallis inner product formulae from Chapter [5] 
as well as the local seesaw identity from Chapter [6] However, note that the matrix coefficients 
in Chapter [6] are attached to the 'big' theta-lifts. Before we can make use of our local seesaw 
identity, we must prove a lemma which allows us to relate local integrals of matrix coefficients 
of 'big' theta-lifts to those for the corresponding 'small' theta-lifts. 

Recall that in Chapter[6]we considered the following pairings $©(f„) on the big local theta-lifts 
0(r„) for r = fj,,ir,a: 



)BrA T v{9v)fi,v, h,v)dg v . 
Here, G v is U(l) v if r = fi, and G v = U(2) v if r = tt or r = a. Now, we observe that 

Be(f v )(®(fl,v,Vl,v),®(f2,v,<P2,v)) = Z v (s , fi >v , f 2 , v ,^ So ,v,Xv) 

where sq = if r = tt and so = 1/2 if r = fi or r = a, Q s v — S(ipi tV ,<p2,v)> and \v is the 
appropriate power of j v . Fix an isomorphism 0(f) = ® v 6{f v ). The observation above and the 
Rallis inner product formulae from Chapter [5] give 

(7-5) (0(h,<Pi), Q{h, ¥>2)}e(f) = II Be(f„)(9(/i,«, <Pi,v), &(h,v, <P2,v))- 

V 

Since we are assuming that the 0(f) are cuspidal, and therefore semisimple, we know that 
(0(A,<Pi),0(f 2 , V2))e(r) factors as a map 



x uj x t x ui — » 9(r) x 6(t) 



composed with the Petersson inner product on ©(f). This, along with 7.5 above implies that 
Bq(~ v -\ descends to a pairing on the small theta-lift. 

So, at each place v, we are entitled to define the following pairings on the small theta-lifts. 
We remark that here the 8 V are those from the definition of the maps 77 v above. 



Xf v (2)Lf v (3,Xe v /f v ) J Ju{w) v 
for <p i v G u v and /j 



)B (7v (a v (h)f l!V , f 2<v )dh, 



-l 



Lf v {1-,Xe v /fJ(f v (2) J Ju(v) v 
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for (fi tV g lu v and /i 

B i(fi v )(®(fl^, fl,v), 0(h,v, V2,v)) ■ = 



L Ev (l,BC{^ v )(g>^y ' 



Cf„(2) 



(7(L) 



for (pi V € uj v and „ G We remark that we have made normalizations so that the parings 
take value 1 for unramified data. 

With these in place, we set l\{f av , fe{fr v )i fe{p, v )) 2$ where 



1* ■= 



( K , {2) 2 L Ev (1/2, BC(a v ) M BC(tt v ) M % 1 )L F „ (1, xe v /f v ) 3 \ * 
L Fv (1, o-r,, Ad)L Fv (1, 0(7f„), Ad)L Fv (1, 9{fi v ), Ad) J 

Z W \U(W) V 

We also set P|(/ e( ^),/ w J := where 

. pf = , A ^(l/2,i?C(0(a,))^i?C(7r t ,)) \- 1 
' ! G3 '"L F „(l,0(a„),Ad)L F „(l,^,Ad)y' 

s Ls- )(°(^v)(gv)fe(a v )Je(s v ))B^(w v (g v )U v ,U v )dg v . 
u(V) v K 

Once again, the normalizations made in the definitions above ensure that the functionals V\ and 
X\ take value 1 for unramified data. 

The local seesaw identity of the previous chapter, along with the L-function identities in the 
appendix give: 

V\ o Ti, v = 2j o T 2 , v 

assuming that the f^ v are chosen so that (/^ , ) = 1. However, recall that we have taken 
//!„ = Mm an( i that the pairings have been chosen so that Y[ v — ^V- So, we see that in our 
situation, we actually have 

V V 

We must account for this factor of two. With the pairings as we have chosen them, the choice 
ffi v = M^i ano - the remarks above, we see that 

(7.6) 2-n^°Ti, t) =n^°7"2,- 



However, neither side of line |7.6| appears in line |7.4| This is where we use two of the three 
Rallis inner product formulae from Chapter [5j Indeed, by Theorems |5 . 10| and |5 . 1 1| we have: 

n L E (1, BC(p) g 7 2 )^(l/2, BC(tt) g 7 2 ) w , : T 
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So, using this, along with lines 7.4 and |7.6| we have 

Ml, Xe/f) 2 L e (1/2, BC(Q(tt)) a BC(a) Bl 7' 1 ) 
A-\X(Q(n))\-\X(a)\ 
Ml, ggQ*) g 7 2 )MV2, BCfr) g 7 2 ) 
X L F (1, a, Ad)L F (l, ©(tt), Ad)L F (l, 6(/2), Ad) 

To finish the proof, we need to use the third Rallis inner product formula to re place the equation 
above with one involving Y[ v V v o 7i,„ instead of "PJ o 7i «. From Theorem 



5.15 



we have 



TT-p -r 2-L F (l,i?C(<r)® 7 3 ) tt^ t 

This, along with the L-function identities in the appendix gives 

v r = A G3 £ fi (l/2,BC(9fipBCW) n 

1 8-|X(6(7f))|-|X(<7)| L F (l,0(cr),Ad)L F (l,7r,Ad) M ' 

Finally, we note that 

8-\X(Q(n))\-\X(a)\ = \S^ s) \-\S^\, 

which completes the proof. 

Appendix A. L-function identities 

We collect several L-function identities used above. In particular, by using known relation- 
ships between L-parameters of representations and their 0-lifts, we compare some associated 
L-functions. 

As in Chapter [7J we take a and 7r to be irreducible, tempered, cuspidal automorphic represen- 
tations of U(2), and fi = lo^uj^ 1 . As in Chapter [7J we fix splitting characters which are powers 
of a fixed character 7, and consider the 0-lifts 0(fr) and O(ft) on U(2), and 0(a) on U(3). Once 
again, we remind the reader that the need to consider 0(fr), ©(cr), and 0(/l) comes from our 
normalization of the theta correspondence, and the fact that in the seesaw identities we used, 
there was no complex conjugation. 

The first identity we record is the following: 

Proposition A.l. 

L F (s, 9(7f),Ad) = i F (s,7r, Ad). 

Proof. By Theorem 11.2 in [2J, we see that 7f and Q(fr) have the same L-parameters. The result 
above then follows from the fact that Lp(s, ff, Ad) = L F (s, 7r, Ad). □ 

Now we compute the adjoint L-function for 0(cr): 

Proposition A. 2. 

L F (s,0(d-),Ad) = L F {s,XE/F)LF{s,<J,Ad)L E {s,BC{a) ® 7 3 )- 

Proof. Let M and N denote the restrictions of the L-parameters of a and 0(cr) to WD(E). By 
Theorem 8.1 in [3], this restriction inflicts no loss of information. From [5], we have that M and 
N are related as follows: 

N = 7 _1 M©7 2 . 

The result follows from this and the fact that L F (s, a, Ad) = Lp(s,a, Ad). □ 
Finally, we compute the adjoint L-function for 0(/i): 
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Proposition A. 3. 

L F (s, 6(/2), Ad) = L F (s, xe/f) 2 L e (s, BC{h) ® 7 2 ). 

Proof. Let M and JV be as in the previous proposition. Then it is easy to see that once again 
we have 

N = 7 _1 M ©7. 

As before, the result follows. □ 

The last identity we record is one that relates the L- function in Ichino's triple product formula 
to L-functions attached to representations of U(2). In the notation of Chapter [5] we have 
Ti = BC(e(Tt)),T 2 = BC{a), and t 3 = BC(Q(p)). 

Proposition A. 4. 

L F (s, £') = L E {s, BC(ir) M BC(a) H 7- 1 ). 

Proof. We compare L-parameters. Let Nqi^j, N a , and denote the L-parameters for 

Sqj--j,S^., and Eq^, respectively. Now, since £o(p) is dihedral with respect to E/F 7 we know 
that 

,r x A WD(F) 

for some one-dimensional representation M of WD(E). Now observe that we have the following: 

N @ (n) ®N a ® Ind|^[^ M = Ind^^j {N e ^)\ WD{E) ® N a \ WD{E) ® M) . 
Now, identifying automorphic representations with their L-parameters, we have 
L F (s,£') = LF^Ne^ttN^lnd^^M) 

= Lp fs,Ind^[^j (N & ^)\wd(e) (g) N a \ WD(E) <g> M)) 

= L E (s,Ind^[^j (A r e(»)livn(E)'7e(7f) ® N„\ WD{E) T) a ® Mri^))^ 

= L E {s,BC{e(Tr))MBC(o-)Mj) 

= L E (s,BC(Tr)MBC(a)®~/) 

= L B (s,SC(7r)HBC , ((T)H 7 - 1 ). 

Note that we have used several facts above. We have used the fact that Q(tt) and tt have the 
same L-parameters. We have also used the fact that MrjQ^ is one of the summands in the 
L-parameter for BC(Q(p,)), which we know to be 7 _1 M^ © 7, where Mp is the L-parameter for 
ft. We note that we can replace MrjQ^ with either of these two summands without changing 
the L-function. Finally, for the last equality above we have used Lemma 3.5 in [3J, which simply 
says that if M is conjugate-self dual, then Indj^^j M is self-dual. □ 

Finally, we have a corollary of the result above. 
Corollary A. 5. 

L F {s, Tf)L E (a, BC(tt) ® 7 2 ) = L E (s, BC(Q(a)) H BC(ir)). 

Proof. This follows from the previous result, along with the fact that the L-parameters N of 
0(<r) and M of a are related by: 

N = 7 _1 M ©7 2 . 

□ 
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